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Introduction

Multivariate Extreme Value model

Define i.i.d p-dimensional random vectors: Xy, = (X4, -+, Xp k),
k =1,---,nwith marginal distribution Pr(X; , < x;) = Fx;(xi),
i=1,--,p.

The ith component maximum: M; , = max(Xj1,---, Xip)

Choose normalising constants a, = (a1,n, - ,ap,n) and

b, = (b1,n,- -, bp,n) such that,

lim Pr{"n"n < x,-} =G(x1, -, Xd)
=9 djn
Denoting by vectors, we get:
M,—-b
lim Pr{”"} = G(x)
an

n—oo
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Introduction

Multivariate Extreme Value model

It is easily checked that all the marginal distributions of G are
Generalised Extreme Value distribution (GEV), which belongs to one
of the following three families (Fisher-Tippett theorem).

FX;(Xi) - G(OO7 , 00, Xj, OO, « + + 700)
Gumbel : exp {—exp(—x;)}

= Fréchet: exp{—x;°}
Weibull = exp {—(—x;)*}

A common practice is to choose the Fréchet marginals, and usually
the unit Fréchet case when shape parameter = 1/a = 1.

This is WOLG, as any marginal distributions can be changed into a
unit Fréchet by a probability integral transformation. Details can be
found in Smith (2003).
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Introduction

Multivariate Extreme Value model

Pickands’ representation: For x with unit Fréchet marginals, x
follows a multivariate extreme value distribution iff its joint
distribution function can be represented as:

G(x) = exp{—V(x)} (1)

Here, V/(x) is the exponent measure as in de Haan and Resnick
(1977) and can be expressed in terms of an angular measure H
(density h) as:

Ve = [ max (44) dH(w) @)
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Introduction

Multivariate Extreme Value model

Where, H is a positive finite measure on the (p — 1)-simplex,

p
Sp = (Wla"'7Wp):ZVVJ':].,VVJ'ZO,J':]_?...’p
j=1

satisfying the following constraint.
MEV constraint: Suppose x; = u, X; =00, j #i, i =1,---,p,
then, V(oo,--+ ,00,u,00,--+,00) = u~ L. Thus,

1:/ w; dH(w) = V/(o0, -+ ,00,1,00,- - ,00) (3)
Sp

wherever the 1 is.
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Introduction

Multivariate Extreme Value model

General case:

MEV constraint (general):

1

1:/ nw," dH,(w) = Vj,(00, -+ ,00,1,00,--- ,00)  (5)
Sp

wherever the 1 is.

In this case, G,(x) has Fréchet marginals with shape parameter 7

and scale parameter 1.
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Introduction

Limitation of the Multivariate Extreme Value model

As stated in Ledford and Tawn (1996), all Bivariate Extreme Value
models with Fréchet marginals have:

lim Pr(Xy >r,Xo>r) =

r—oo

r~1  asymptotic dependence
r~2 exact independence

However, strictly speaking, there should also be negative association
and positive association under asymptotic independence.
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Introduction

Ramos-Ledford-Tawn model

Ledford-Tawn model: Ledford and Tawn (1997)
For (Zik, Zok), k = 1, -, n with unit Fréchet marginals but
unknown dependence structure, the joint survival functions Fz z,
has the following asymptotic form:

/_:2122(21,22) = L(Zl,ZQ)Z;ClZ{C2
where, ¢1 + ¢ = & (1 is called the Coefficient of tail
dependence), L(z, z) is a bivariate slowly varying function (BSV)
with limiting function g, i.e., lim;_ % = g(z1,2) and
g(cz1,cz) = g(z1,22), Ve > 0,21,20 > 0.
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Introduction

Ramos-Ledford-Tawn model

Ramos and Ledford (2007) reformulated the Ledford-Tawn model:

_ . 1
Fz,2,(z1,22) = L(z1, 22)(z122) 2

where, B
L(Zlsz) = L(217Z2)(Z*l)n/2, K=0C—C

Consider the limiting joint survival distribution of the conditional
variables (X1, X2) = (Z1/u, 2o/ u)|(Z1 > u, Z> > u), thus,
X1,Xo > 1. Then,

- T Pr(Z1>uxi,Zo>uxp)
FXIXZ(X17X2) - IImU_)OO Pr(Zi>u,zo>u)

=i L(ilxl,ux2) 1
=00 T(uu) (axe)t/2n
X
_ &) _ g*(X1+1X2)
- (X1X2)1/277 - (X1X2)1/2n
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Introduction

Ramos-Ledford-Tawn model

Ramos-Ledford spetral model:

By taking a polar-coordinate transformation, the following
relationship of the limiting survivor in terms of an angular measure
H,, is obtained:

w l—w

1
FXIXZ(X]_XQ)—/ n{min(,
0

X1 X2

)}’17 dH (w)

Ramos-Ledford Constraint: Suppose x; = x; = u, then,

= 1
Fx,x,(u,u) = u 7. Thus, the following normalising condition
should hold:

1 :/Oln{min(w, o W)}j’ dH; (W) = Fxyx,(L,1)

X1 X2
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Introduction

Ramos-Ledford-Tawn model

Multivariate version:

Define i.i.d p-dimensional random vectors Z) = (Z1 4, -+ , Zp k),
k=1,---,n, with unit Fréchet marginals. By assuming
multivariate regular variation, we have

FZl.--Zp(Zl, e ,Zp) = L(Z]_’ e 7Zp)21_C1 . 'Zp_Cp (6)

where, z,--+ ,2, >0, 1+ -+ cp = 1/ is a multivariate
regularly varying function (MRV) satisfying:

i L2, t2p)

ARy v A C T

and g(czi, - ,czp) = g(z1,-++ ,2p), Ve >0,21,--- ,z, > 0.
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Introduction

Ramos-Ledford-Tawn model

Rewrite the Eq. (6), we get,

FZl"'Zp(217 o 7Zp) = L(Zla e 7Zp)(zl t Zp)ip77 (7)
e K12/p K23/Pp K1p/P
where, L =L - (ﬂ) <Z2> (ﬂ) ,
22 z3 Zp
K12 = € — C1,R23 = C3 — C, - ,Klp = Cp — C1.

Define conditional variables:
(X1, Xp) = (4L/u, -+, Zp/u)|(Z1 > u, -+, Zp > u), thus,
Xi,--+,Xp > 1. Then,

T T Pr(Zi>uxy,- ,Zp>uxp)
FXl"'Xp(X].) e ,XP) = ||mu—>oo Pr(Zl>u,~~- ,Zp>u)
— lim Z(ilxl,---,uxp) 1

u—00 L(u,-~~,u) (Xl...xp)l/pn (8)

g 41 Xp—1 )
| P TSP o
_ gl xp) Y1 %i 21X




Introduction

Ramos-Ledford-Tawn model

By taking a polar-coordinate transformation again, we have:

1<i<p X;

Py (X1 %p) —/spn{ min (W'.)}é dHy(w) — (9)

Ramos-Ledford Constraint (general): Suppose

= 1
xi=u,i=1,---,p, then, Fx,.x,(u,---,u) =u 7. Thus, the
following normalising condition should hold:

1
1 7] * S E . e
1:/Spn{1r<ni.2pw,-} dH: (W) = Fxox, (Lo ,1)  (10)
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Angular measures

From hy to h,

Theorem 1: Given any positive function hy with finite % moments

on S,, then,
N\~ (P+3) ‘ np (MWL mpwp
hp(w) = (m"w) n 1_[1 m ho( w’ ) miw ) (11)
=
where, .
mi:/ T]Uﬁho(u)du,lz]-; , P (12)
Sp

is the density of a valid measure function H,, satisfying the MEV
constraint (general), i.e., Eq. (5).

The special case when 1 = 1 reduces to the result in Coles and
Tawn (1991).
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Angular measures

From h, to hy

Theorem 2: Given any function h;; satisfying the MEV constraint
(general), i.e., Eq. (5), then,

By (w) = (13)
where,

5:p+(_1)32\/77(oo7"' ,00,1,00,---,00,1,00,--- ,OO)
+--- 4 (=1)Pt Vi(L,---,1)

(14)
is a valid density function of a measure function Hy, satisfying the
Ramos-Ledford Constraint (general), i.e., Eq. (10).

The special case when d = 2 and 1 = 1 is given in Ramos and
Ledford (2007), where, h*(w) = h(w)/(2 — V(1,1)).
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Angular measures

From h, to hy

Sketch of the proof: It is straightforward to check that,

1
n
in w;j > hr(w)d
fortums v s
n h
:/ 77{ min W,-}77 n(w)l dw =1
s, 1<i<p 3
n
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Angular measures

From h, to hy

According to the inclusion-exclusion principle,

1
. n
az/spn{lggpw,-} hy(w) dw

1
= (C12YP / 7w hy(w) dw
S

p

3=

AR Sy /5 94 e (o) Bm)ers
P

i#),1<i<p,
i+1<j<p
1
4ot (—1)P+1/ n { max W,'} ! h,(w) dw
s, lisi<p
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Paramatric families

General survival functions

Following the definition of 'EX1--~X,,(XL .-+, Xp) in terms of angular
measures, we get,

l_:Xl---Xp(le"‘ ,Xp) )
7N
:/spn{l'l‘;'i‘p(m)} e (w) dw
1
_ 51 Wiy L
5 /spn{lg‘f'é‘p(x,-)} hy(w) dw (15)

1
_ s Wi U7 (i)~ (PFE)
o ) e

P ] mywi mpWp
lm ho(m"w"“ ) m"w)dw
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Paramatric families

General survival functions

As ’_:21--~Z,,(Zla T 7Zp) = )\/_:xl...xp(z1 Z”). where
AN=Pr(Z1>u,--,2Z, > u).

I_:zl...zp(zl, e, Zp)

:mu;élfs { - (Wi)};(mnw)—(pﬁ) (16)

1<i<p z;
P Ui miwy mp wp
—1M; h (mnw’”' ’ m"w)dw

where, as defilned in Theorem 1 and 2,
mi:/ nuﬁhO(u)du’i: aes e
S

P
S=p+(-1)3Y% Vi(o0, -+ ,00,1,00,-:+,00,1,00,: - ,00)
4 .._|_(_1)p+1\/n(1,... ,1)
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Paramatric families

Validility check

We check the validility of I:_le2 as a survival function, i.e., for
x1 < x2,y1 < Y2,

Fz.2,(x2,y2) — Fz,2,(x1, y2) — Fz,2,(x2, y1) + Fz 2,(x1, 1)

1 1 feT 1 i 1
= Aunét { [xl " / e nwn hy(w) dw — x, " / e nwn hy(w) dW]
xljxy22 X2+2y2
_1 ol 1
+{»n” :n n(1 — w) 7 hy(w) dw
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Paramatric families

A theoretical example

Take the Dirichlet distribution for example,

p -1 P
(T} e T
|

i=1
According to the definition of m;, we have,

Mo-Diei+3)
fadr(a-1+1) =

m; =mn
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Paramatric families

A theoretical example

By Theorem 1, we get,

_ M(ait) Ma1+7)
_ 1
hn(W) = 7 il r’i+1(o¢,) k) }p+717

p

i1 (a;)

r’? (o + oi—1
, } (7
i=1 r”l (o +

i 1
— ,’7*1 P i Ot 1+ ) 'YIWI
- i=1T 1 w
( ) ('Y )PJrn 'Y

denoting

MMy + 1 M(ap + L !
7:(%"“’7”),:< ﬁn(o:)n)’m’ ﬁn(o:,:)n)> (18)
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Paramatric families

A theoretical example

Following Theorem 2, we get

N _1 _ Oé 1+ ) - Vi Wi =1
h(w) =050 ap,nH e (7w i | R
i=1

where,

_1 . .
5a1,... Qpn ( ) Z J i+1 /Sp i#jr,?gi'(gp, (W,7 WJ)
i+1<;<p

. Ma-141) I a;—1
1 F(L,-)Tp!% ?71{%} dw| +---+
(a B 1 + l) P s 01,'71
(—1)P+1/ max w; H 1 AR dw
s, l1<i<p Mo Pt vow

Qin,Smith,Ren New Classes of Multwarlate Survwal Functions




Paramatric families

A theoretical example

For d = 2, then,

—-1_ My F(a1+a2+ )

hy(w) = 07 et

! R e (20)
(o) (oiin)™
Mw+vy2(1—w) Yw—+v2(1—w)

1 1

—= 1 — 1

Vn(Xl,Xg) =X 0 {1 — l@(al aF 77,0&2)} + X5 "/wl%(oq,ozg + 5)
' x vx

(21)

where, 1,(a, b) = F&ED [/ 1271(1 — £)b1 dt is the regularized
incomplete beta function, and a, b > 0.
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Paramatric families

A theoretical example

Thus,
r(al+a2+ )
h* — 5 Y172
n(W) = 07001 00 Tt () P Wf} (22)
{ nw }“l I{M}
nw+y2(1-w) Nnw+2(1-w)
where,

1 1
5051’042777: 1—|—l771(oz1—|—7,oz2)—Il(al,az—}—f) (23)
v1 n 1 n
Then,
Fx,x (x1, %)

1 _1
_(50611@2,77 I%(a1+%7a2)+x2 ! {1_I:’Y1,’3(0417042+,17)}:|
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Paramatric families

A theoretical example

As Fz 7,(z1,22) = AFx, (2, 2), where A = Pr(Zy > u, Z> > u).
Then,

Fz,2,(z1,22)
1

1 _1 _
= Aunéa_llcu n |41 "z (al + laO‘2) +2 ! {1 a IM(O‘LOQ + l)}
12y 2 n iz n

(25)
We further get the density of the distribution function as follows:

1
1y mmlla ot g) (nz) (rez)2 !
fZ1Zz(Zlv 22; @) — )\U"(Sahazm L
(@)l (a2) (412 4+ ppz)®te2 s

(26)

where, parameter set © = (a1, 2,7, A).
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Paramatric families

Survival distribution plots

(al, OQ) = (2,9), A= 0.3, u=0.5
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On-going study

On-going study

» Inference
Censored maximum likelihood estimation - Smith et al. (1997)
» Numerical examples

» Simulation
» Practical examples

Qin,Smith,Ren New Classes of Multivariate Survival Functions



References

Coles, S. G. and J. A. Tawn (1991). Modelling extreme multivariate
events. Journal of the Royal Statistical Society, Series B:
Methodological 53, 377-392.

de Haan, L. and S. I. Resnick (1977). Limit theory for multivariate
sample extremes. Zeitschrift fiir Wahrscheinlichkeitstheorie und
verwandte Gebiete 40, 317-337.

Ledford, A. W. and J. A. Tawn (1997). Modelling dependence
within joint tail regions. Journal of the Royal Statistical Society,
Series B: Methodological 59, 475-499.

Ramos, A. and A. W. Ledford (2007). A new class of models for
bivariate joint tails.

Smith, R. L. (2003). Statistics of extremes, with applications in
environment, insurance, and finance. Extreme Values in Finance,
Telecommunications and the Environment, 1-78.

Smith, R. L., J. A. Tawn, and S. G. Coles (1997) Markov chain

[]

Qm Smith, Ren New Classes of Multwarlate Survival Functions



	Outline
	Introduction
	Angular measures
	Paramatric families
	On-going study
	References

