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I. Motivating Example: Interpolation of Air Pollution Data

The problems of spatial interpolation and network design are
introduced through an example using the EPA fine particulates

(PM> 5) network. The analysis is taken from Smith, Kolenikov
and Cox (2003).



Current EPA standard for PMy 5:

e Twenty-four hour average PMs s not to exceed 65 ug/m3
for a three-year average of annual ogth percentiles at any
population-oriented monitoring site in a monitoring area.

e [ hree-year annual average PMo, g not to exceed 15 /Lg/m3
concentrations from a single community-oriented monitor-
ing site or the spatial average of eligible community-oriented
monitoring sites in a monitoring area.



The data (compiled from a larger data set) consisted of weekly
average PMy 5 levels during 1999 at 74 EPA stations in NC, SC,
GA. We fitted a model of the form

yet = f(x) 4+ g(t) + nxt

in which y,; is the square root of PMy g in location = in week ¢,
f(x) and g(t) are fixed functions of time and space respectively
(both represented as linear regression functions), and ng; is a
random error (independent in time but dependent in space).

The model parameters were estimated by maximum likelihood,
and kriging (described later) was used to interpolate n,; at loca-
tions x off the network. Based on that, a map was constructed
of the interpolated annual average for each point in the study
region, together with an estimated root mean square prediction
error.



(a) Interpolation for Annual Mean (b) RMSPE
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Fig. 1. (a) Interpolated surface for annual mean PMs s in
©ng/m3, and monitor locations (circles). (b) Root mean squared
prediction error for the surface in (a). Adapted from Smith,
Kolenikov and Cox (2003).



(a) Interpolation for Annual Mean (b) RMSPE
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Fig. 2. (a) Interpolated surface for annual mean PMs s in
1ug/m?3, and monitor locations (circles). (b) Root mean squared
prediction error for the surface in (a). Similar to Fig. 1 but uses
Bayesian interpolation.



Questions for this talk:

There are many questions along the lines of what is the right
model for this data set, but in this talk, I focus on two more

theoretical aspects:

1. Computation of RMSPEs. The calculations above used the
conventional formulae for kriging prediction errors that you
can find in any text on geostatistics, but these ignore model
estimation errors. Is this appropriate, and how could we
improve on this approach?

2. Design of the network. The EPA is constantly adding or
deleting stations as it attempts to provide better coverage
or to reduce costs. How could it do this most efficiently?

The two questions are linked because accurate determination of
Kriging errors is critical in assessing the design.



II. Universal Kriging, REML Estimation and Bayesian
Spatial Statistics

We assume data follow a Gaussian random field with mean and

covariance functions represented as functions of finite-dimensional
parameters.

Define the prediction problem as

Y Xg V o wl
()=~ 1(a5 ) (0 %) 2

where Y is an n-dimensional vector of observations, Yy is some
unobserved quantity we want to predict, X and xzg are known
regressors, and 3 is a p-dimensional vector of unknown regression
coefficients. For the moment, we assume V, w and vg are known.
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The most widely used spatial models (stationary and isotropic)
assume the covariance between components Y, and Yj is a func-
tion of the (scalar) distance between them, Cy(d;;). An example
is the exponential power model

Cp(d) = o2 exp {— (C—ZY} :
o

where 0 = (k,02,p) with 0 <k <2, 62> 0, p> 0.

The PM5 5 data analysis actually assumed
Var{Y; — Y;} = 01+ 62d;? (61 > 0,65 > 0,0 < 03 < 2).

This is of intrinsically stationary form and Cy(d) does not exist,
though the model can easily be transformed into one for which
the methods of this talk apply.

The key assumption is: the covariances are unknown in practice,
but expressed as functions of finitely many parameters 6.
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Universal Kriging

Assume model (1) where the covariances V, w, vg are known but
B is unknown. The classical formulation of universal kriging asks
for a predictor Y5 = MY that minimizes o = E{(YO—Y/O)Q}

subject to the unbiasedness condition E {Yo — 370} = 0.

T he classical solution:
A= VT4 (g - xTv i) (xTv-ix)~txTv—1

08 = vo—w! Vw4 (zg - XTIV )T (XTVIX) (2o — XTVLw).
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Maximum Likelihood and REML Estimation

Model of form
Y ~ N[X3, V(0)].

A classical method of estimation is the method of maximum
likelihood (MLE), in which the parameters 3 and 6 are chosen
to maximize the joint density of Y given 8 and 6 (the likelihood
function).

In practice, once 6 is specified, the MLE B8 can be calculated
by elementary algebra (the generalized least squares estimator).
T herefore, in practice MLE is computed by maximizing the pro-
file log likelihood

G2(0)

2
where G2 =YIwy, w = v —v-IixT(xv-1x)-1xv-1 is
the generalized residual sum of squares.

1
—Zlog |V(8)] —
5 a|V(6)|
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An alternative to MLE is to use the restricted likelihood function.
As defined originally by Patterson and Thompson (1971), if X is
n X p, we define a (n — p)-dimensional vector of contrasts A!Y,
where A is n x (n—p) has rank n —p and satisfies AT X = 0. The
restricted likelihood is the density of ATY ~ N[0, ATV A].

Harville (1974) gave an equivalent Bayesian definition and de-
rived the formula

2
n(6) = ~ 1100 [V (8)| - 1100 |xTV(8)1x| - T

The resulting estimator is called REML. It is usually considered
superior to MLE, though the two estimators are equivalent to
first-order asymptotics.
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Bayesian Reformulation

Suppose (3,0) have a joint prior density of the form = (0)d3do
(constant in 3).

The Bayesian predictive density of Yy given Y is
f(Y,Yg | B,0)7(0)dBdo
p(Yo|Y) = JJ 0 | :
ST Y | B,0)m(0)dBdo
After some algebraic manipulation, this may be rewritten
[ e Oy(Yy | Y,0)m(0)do
[ et (0)do

(2)

p(Yo | Y) =

where

! 1 Yy — A0)TY\?
(o [ Y.0) = e 0 exp{_2< oo(0) ) }
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Two forms of predictive density
The REML estimator 8 is the value of § that maximizes ¢,,(6).

The conventional kriging formula uses the predictive density

(Yo | Y) =9(Yo | V,0)
also known as estimative density (Aitchison) or plug-in rule.

In contrast to this, we write (2) as ¥(Yy | Y), which Aitchison
called the predictive density.

In subsequent discussion, we shall mostly use the predictive dis-

T
tribution function, i.e. redefine ¥ (z]Y,0) = ® <Z_;\O((09)) Y) where

P (-) is the standard normal distribution function.

The first central question of this talk is then: Is ) superior to
¢ ? (and if so, how is this influenced by the choice of prior?)
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Designing Monitor Networks
Large literature, many different approaches.

Recent work has focussed on contrast between two types of
criterion:
e Estimative — e.g. choose the design to maximize the deter-
minant of the Fisher information matrix of 0
e Predictive — focus on a specific Yy, find a design to minimize
og. Note that this ignores the estimation of 6, in effect
assuming 6 known.

Zhu and Stein (2004) discussed the idea of using Bayesian predic-
tion intervals as a basis for network design, arguing that Bayesian
intervals take account of the uncertainty of 6 and therefore
should be superior to the predictive approach. However, they
rejected this as too computationally intensive, and instead pro-
posed a two-stage criterion (more later).
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Direct Bayesian Approach

e For any data set, use MCMC to construct the Bayesian pre-
dictive distribution

e FOr any given design, run the Bayesian analysis on simulated
data sets to determine the expected length of Bayesian pre-
diction intervals

e Use an optimization algorithm (e.g. simulated annealing) to
find the optimal design

Direct implementation of this approach requires a lot of Monte
Carlo simulation. The second major theme of this talk is to pro-
pose an approximate approach that reduces the first two steps to
a simple algebraic formula for the expected length of a Bayesian

prediction interval.
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IITI EXisting Results on “Kriging With Estimated
Parameters”

Suppose we apply universal kriging to predict Yy by ATY, but
estimate A = \(0) where § is the MLE or REMLE.

Harville and Jeske (1992) and Zimmerman and Cressie (1992)
proposed the following correction to the mean squared prediction
error:

- O 70
Vi = EI(Yy=XY)2 ~ g2+ tr I—l(—> V(—)
L= B{o0- 3P} & el () v (5
where 7 is the observed information matrix for 8. This formula
corrects for the error in specifying the kriging weights .

The derivation of this formula assumed that 6—6 was independent
of Yo — M'Y. Abt (1999) derived an improved formula without
this assumption, but noted that in practice, the improvement
made little difference to the result.
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However, in calculating a prediction interval for Yy, it is also
necessary to consider the effect of 08 being unknown. Stein
(1999) and Zhu and Stein (2004) defined

o\ T 2
00 00
as a measure of the uncertainty in 08, and they suggested that

some linear combination of V7 and % would best measure the

0]
overall uncertainty. In particular, they suggested
Va3 = V- — . —=
3 1 _I_ > 0'8
as a suitable combined criterion. However, it's not clear exactly
why this particular linear combination is appropriate.
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Bayesian Approaches Based on Reference Priors

For a model with parameters (8,02, p) where 2 is the marginal
variance and p is the range parameter, Berger, De Oliveira and
Sanso (2001) derived the ‘“reference prior” in the form

2
*(8,0 ,p>o<1{tr<wavwav) e (wo)

1/2

. (3)

dp Op n—p dp

They compare this with alternative definitions of reference prior
and Jeffreys prior. Equation (3) is derived as the Jeffreys prior
based on the restricted likelihood.

Paulo (2005) extended their result to a general multi-parameter
spatial likelihood.

Both papers used simulation to demonstrate that the method
would produce good frequentist coverage probability.
21



IV The Approach Based on Second-Order Asymptotics

Long history —

e Frequentist Asymptotics for Prediction — Cox (1975), Barndorff-
Nielsen and Cox (1996), Hall, Peng and Tajvidi (1999),...

e Predictive Likelihood — Lauritzen (1974), Hinkley (1979),
Butler (1986), Davison (1986), Bjgrnstad (1990),....

e Decision Theoretic Approaches — Aitchison (1975), Harris
(1989), Komaki (1996), Smith (1999)

e Matching Bayesian and Frequentist Inference — Welch and
Peers (1963),....... , Datta and Mukerjee (2004 Springer-Verlag
Monograph). See in particular, Datta, Mukerjee, M. Ghosh
and Sweeting (2000, Annals of Statistics) for a “matching
prior” approach to predictive inference.

With scattered exceptions, all of this literature applies only to
the case of independent observations.

22



Notation

Define

_ [ OFRWO (5 | Y, 0)dl
vEIY) = T o+ (4)

where em(9) is the restricted likelihood of 8, Q(0) = log=(#) and

T ~
Y(z | Y,0) = (Z_;‘O((QH)) Y). Also let 1 be inverse function, i.e.

J~L(P | Y) is the value of z for which ¢(z | Y) = P.

For P € (0,1) define

AOTY + og(0)d~ 1 (P),
MY + 5007 1(P),
PP Y).

zp(Y | 0)
zp(Y)
Zp(Y)
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For an estimator z% (could be Zp or Zp) we would like to calculate

E{v(zp(Y) | Y,0) —¢(2p(Y] 0) | Y,0)} (5)
and
E{zp(Y) —zp(Y | 6)} (6)

(5) is called the coverage probability bias (CPB). (6) leads to
the expected length of a prediction interval (our proposed design
criterion) because for a 100(P> — P1)% interval,

B {zp,(¥) — zp ()}
= b {ZPQ - ZP1}+E {2}32 - ZPQ} -k {Z};l B Zpl}
= oo{® H(P) - Y (P)}+E {2332 - ZPQ} — £ {2731 - ZPl}
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90n(0) 020,,(0) _830,(0)
Define U; = =557, Uij = Jgiapr + Viik = pgigeiagk- B
The matrix with entries U has an inverse with entries UY.

Other quantities Q(0) = log=w(8), X(0), og(#). Suffixes denote
2
partial differentiation, e.g. Q; = ag%’ 00ij = 0°90 | et

001067
1 2
Ui — Zza
1 2
Uij = / Z]—I—frm,zj,
— 1 2
Uz’jk — / ij +n“zyka

and define also x; ; = n_lE{Uin} = —Kjj, Kijf = n_lE{UijUk}.
Suppose inverse of {k;;} matrix has entries {x*/}. We assume
all the Z quantities are Op(1) and all the x quantities are O(1)
as n — oo and we employ the summation convention.
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Results

nE{y(Zp(Y) | Y,0) —(zp(Y [ 0) | Y,0)}

~ (TIPS TH(P) [‘%q"l(P)%i’jao"—ZOJ
90

- 1 oA 1 .. (00 AV
it ("’jk,e + 5“{7%) = g { A 3}

00 2 o0 0'8
Lok je 1 (T ow oW 7 OW _ OW )
——k"RT 5 (N V—=—V—7VA, + X V—V—VA ]|,
2" " Tnag \7 a0k o T

nE{w(gp(Y) | Y,0) —¢(ZP(Y | 0) I Y, 9)}
~ (e H(P)DPTH(P) ['ii,jmkjg (/fjk,e + Iijld) %

g0
_H;,I’L] (OZ—QOJ _ O’l]) I H,/’L,] O’L Qj

90 g0 o0
—rikit . = (AT vy ATV v ) |
s no (2) Lok 90t Y TA 00¢ " ook
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We can also evaluate the expected length of a prediction interval

using the formulas

B ) 1 1 ..
e~ H(P) {K/Z’J%k’gaoe (H‘n‘k,j + Eﬁiijk) + 5/437”700@'}

nk {Ep — Zp}

nk {Ep — Zp}

~1 Ty
(J-D){fiz’jf‘6 “oor(Kik,j + Kijk)

4ﬂiﬂ<Jz]

+%¢1(P)2/4

T0i00;
90

- 00,007 . 1 ATVA
J20705 4~ ,]Z—}.

> + k" Qjo0;

o0 2 o0
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T hese results imply the existence of a “matching prior” for which
the second-order CPB is 0. However we can also manipulate the
asymptotic expressions to obtain a direct estimate of zp with the
same property:

_ = 11 ~igakls (o 1.
2h = zp-nTlo (P){%”KJ UOK(Rik,j-I-E%ijk)

1 .. AAcOA 1
_|_§l'%’&7] (5-02] . O-OZO-O] CID_l(P)Q) . AZJ}\TV)\

—~

200

1 o OW OW OW OW
—_— ghight (ATV ezv V)\g+>\TV80 1% VM)}

oLk

In practice it seems possible to ignore the last line (Abt correction
to the Harville-Jeske-Zimmerman-Cressie formula).
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Application to Network Design

Suppose we are interested in constructing a network to opti-
mize the prediction of a specific quantity Yy (e.g. a population-
weighted exposure to a pollutant). Suppose we use z}LD to con-
struct a two-sided prediction interval, with tail probability 1 — P
in each tail. The approximate expected length of this prediction
interval is

2CD_1(P)\/08 + n_l&z’jA?VAj +n o 1(P) k" 00005

In the notation of Zhu and Stein (2004), the quantity under the
square root sign is

2
o>~ 1(P)" V.
Va=V1+ ().3
4 o
Recall their own criterion was V3 =V; + % -2

2 o8’
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Two Design Criteria

1 V
V3 = Vi+---2 (Zhu and Stein)
2 o
2
o-1(P)" V.
Va = Wi+ : ). = (this talk)

90

The present formula V4 has the unusual feature that the design

might depend on the desired coverage probability of a prediction
interval.

It is also tied directly to two specific methods of constructing a
prediction interval whose second-order coverage probability bias
is 0, whereas previous approaches have not shown how to con-
struct such an interval.
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V. Example Based on PM5 5 Monitors in North Carolina

Assume the objective is to estimate population-weighted daily
average. Daily data from 2000. Assume individual days' data
are independent replications of the model

9% if 1 =7,

0202~ %i/%2 if § £ j,

with y;,y; the PMs 5 at locations i and j, d;; is distance (units of
100 km.), and we estimated #; = 6.495, 6>, = 4.019, 03 = .9423.

Treat this as the true model, but assume 64, 65,63 would have to
be re-estimated on any given day.

Cov(yi,y;) = {

Assume number of monitors remains fixed at the current number
of 38.
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Population-weighted averages were calculated using data from
the 2000 U.S. census for the 809 zip code tabulation areas
(ZCTA) in North Carolina. Select 38 ZCTA out of 809 to place
the monitoring station to give most accurate prediction of the
total population PM2.5 exposure defined as

Yo = Y PiVi;

1
where p; is the population at the ’'th ZCTA, and y; is the
PM2.5 level there. Vi and V4 with two-sided tail probabilities
P =0.1,0.01,0.001 are used as design criteria, and a simulated
annealing algorithm is used to find the designs given in Figure 3.
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Optimal Designs Under Four Criteria

Point Predictor

Fig. 3. Four designs selected using criteria of this talk (calcu-
lations due to Zhengyuan Zhu)
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All four designs tend to place monitors in regions of high popu-
lation density (as does the current EPA network, Fig. 1) but it
IS noticeable that the criterion V4, especially for smaller P, tends
to favor a network with clusters of nearby monitors, reflecting
the role such clusters play in ensuring good estimation of model
parameters.
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Summary

1.

The second-order coverage probability bias of the Bayes es-
timator of zp is smaller than that of the plug-in estimator in
the limit as P — O or 1, regardless of the prior.

. For the Bayesian predictive distribution there is a matching

prior, i.e. one for which the second-order CPB of zp is O.

. However we can also achieve the same second-order proper-

ties directly, using the estimator z};.

. For any of these estimators of predictive quantiles, we have

an approximation for the expected length of a prediction in-
terval, and this can be used as a design criterion.

. In the case of an estimate whose second-order CPB is O,

we obtain a design criterion very similar to that of Zhu and
Stein, but adapted to a specific construction of a prediction
interval.
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