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ABSTRACT
STANISLAV KOLENIKOV: A modification of the EM algorithm with

applications to spatio-temporal modeling.
(Under the direction of Prof. Richard L. Smith.)

This dissertation outlines the use of the maximum likelihood procedures for estima-
tion of the parameters of spatial and spatio-temporal processes when some observations
are missing, and reviews the realizations of ML and EM procedures in the presence of
missing data when the data are correlated. A version of the EM algorithm is sug-
gested that has a promise of being computationally more efficient due to reduction
of the number of matrix inversions, although at a price of the loss of the estimator’s
consistency and asymptotic efficiency. Corrections that restore unbiasedness of the es-
timating equations implied by the EM algorithm are proposed. Asymptotic properties
(consistency and normality) of the resulting estimators are established. Applications
of the new procedure are considered: an analytically tractable case of AR(1) process,

and an application to real data on PM, 5 measurements.
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Chapter 1

Introduction

This dissertation outlines the methods of dealing with the missing data in the context
of spatially correlated environmental monitoring network data.

In their recent paper, Smith, Kolenikov & Cox (2003) analyzed a spatio-temporal
data set that featured repeated measurement of spatially correlated data. For each week
t=1,...,T, there were up to K measurements available at certain fixed locations of
the monitors. The log likelihood of such model (assuming normality of the response

variable) can be written down as

L (0, 6, X) ~ {3 WSO + [y — XeB)ye — X8)7540) 7]} (1)

where X is the design matrix, the vector ( represents the trends in time, space, and
other covariates such as land use, and @ is the set of parameters for the geostatistical
model of spatial covariance. The subindex ¢ denotes a possible dependence of the
dimensionality of the vectors and matrices on time ¢, as long as some data are missing.
The independence over time is justified by the analysis of the residual correlation that
shows no significant dependencies.

The likelihood can be maximized explicitly with a nonlinear optimization rou-
tine, but it would possibly involve inverting 7" matrices of rather big size (in Smith
et al. (2003), K = 74, but more realistic applications may have K ~ 10° — 10°) and
computing their determinantsﬂ An appealing method to reduce those computational
costs seems to be the EM algorithm (Dempster, Laird & Rubin 1977, McLachlan &

! Those two operations may be performed jointly thus reducing computational burden if appropriate
matrix inversion methods relying on either spectral decomposition or Cholesky decomposition of a
matrix (Demmel 1997), are used.



Krishnan 1997). This is an iterative procedure of Bayesian origin that increases the
likelihood with each iteration by taking the conditional expectation of the missing data
given the observed data and the current estimate of the parameters, and then maxi-
mizing the likelihood by the standard complete data methods. Various modification of
the algorithm to simplify computations have been proposed. See Section for more
details.

The modification that is especially useful in our context involves splitting the max-
imization step of the EM algorithm into maximization over the trend parameter 3
subspace and the covariance parameter 6 subspace (a version of the EM known as
expectation-conditional mazimization, ECM). Also, instead of maximizing the likeli-
hood at each M step, the algorithm may aim at just increasing it in a single step
(generalized EM algorithm, GEM). So the algorithm steps used in Smith et al. (2003)

are as follows:
1. Initialize the trend parameters 3 by OLS over the available cases;
2. Initialize the covariance parameters € by some reasonable guesses;

. (E-step, h-th iteration) Compute yl(th ) = y,, if available, x4 3™ otherwise;

w

(E-step, h-th iteration) Compute the regression residuals egh);

i

1

(E-step, h-th iteration) Compute the conditional expectation of the sufficient

Y[ (e") 160 (12)

or an approximation to it. Thus at the completion of the E-step, we have some-

statistic

thing a “current prediction” of the second term in (1.1): the cross-products in
(1.1) are replaced by their (approximate) conditional expectations given by ((1.2)).

6. (M-step, h-th iteration, part 1) Maximize, by a nonlinear maximization routine,
the log likelihood (|1.1)) with respect to the covariance parameters 6;

7. (M-step, h-th iteration, part 2) Run weighted least squares regression of y
with the weighting matrix 3(6™™) to maximize the likelihood over the trend /
regression parameter subspace. (If the weighting matrix were the true covariance

matrix ¥ = Cov|y], then this step will become a GLS regression.)

8. Declare convergence according to a suitable criteria, or reiterate to step [3|



A computational difficulty remains in the above procedure at steps to estimate
the residuals and compute the sufficient statistic of the data given the observed values
and the current parameter estimates. The exact implementation of the EM algorithm
would require universal kriging (see Section for each time point at the locations
of the missing data at step |5| to predict the missing regression residuals, their vari-
ances and their covariances that are required for the likelihood. However, this provides
no improvement in the computational speed over the classical MLE procedure based
on straightforward maximization of as this step would require the same matrix
inversions separately for each ¢.

What this dissertation proposes is an alternative method based on the approximate
expectations of the residuals at the E-step. An opportunity to save on computations
may be to use e;:ej; in (4, j)-th position of the ¢-th term in whenever both residuals
were available, and use o;(#(") otherwise. In other words, the conditional expectations
are replaced by unconditional, or marginal, expected values. A question must then be
asked, by how much the above approximation to the conditional expectation is biased,
can this bias be eliminated, what is the efficiency of the implied estimating equations,
and what kind of other problems the procedure may lead to. This question is probably
more pertinent for the covariance parameter estimates as long as the trend parameters
estimates will be unbiased and consistent for any weighting matrix in the weighted least
squares estimator, and asymptotically independent of the variance parameters.

The remainder of the thesis is organized as follows. Chapter [2| gives a basic introduc-
tion to the two prime themes of the proposal, the spatial and spatio-temporal models,
and the missing data models. In particular, section [2.1{reviews the main models used in
geostatistical research, while the sections and describe the basic approaches to
the missing data analysis. Chapter [3| analyzes the properties of the proposed modifica-
tion to the EM algorithm when the correlation structure is simple enough to lend itself
to an analytical solution. Namely, we use AR(1) process to analyze the behavior of the
estimates. Further, the application of the algorithm to the real data set (an abridged
version of Smith et al. (2003)) is given in Chapter [} The general treatment of the
dissociated processes is given in Chapter 5} Finally, the possible directions for future
research are suggested in Chapter [6] Certain technical results necessary for Chapter

are given in the Appendices.






Chapter 2

Literature review

This research attempts to find computationally efficient estimating equations for the
spatio-temporal models, or repeated spatially correlated measurements. We shall firstly
review the ways to model spatial correlations for a single time instance in Section [2.1]
then proceed to the incorporation of the temporal component in Section [2.1.4] As long
as the real data sets have missing observations, the methods that work nicely on the
full data sets start running into problems when some portions of the data are missing,
as discussed in Section 2.2 One of the most natural ways to take the missing data into
account is to use the EM algorithm that was designed specifically for those purposes.
A general introduction to the EM algorithm will be given in Section 2.3 with a focus

on the repeated measurement and spatio-temporal models.

2.1 Geostatistical models

The models of covariance that assume some parametric relation between observations
with given spatial coordinates are known as geostatistical models. A concise introduc-
tion to the topic is given in Smith (2003), and extended references are Cressie (1993)
and Stein (1999).

2.1.1 Setup

Suppose we have a sample Z(s1), ..., Z(s,) of measurements taken at locations sy, ..., s,

from a spatial process
Z(s), seD (2.1)



for some domain D C R?. In the discussion of models and applications, we have to
deal primarily with d = 2, although there is nothing special to two dimensions, and
analysis in higher dimensions is also possible.

To be able to estimate the mean and the variance of a linear functional of the
process, such as the value in an unsampled location, or an areal mean, we have to

assume that the underlying process has well defined means and variances, too:

u(s)=EZ(s), VZ(s)<oo se€D (2.2)
The process is said to be (strictly) stationary if Vh € R* and Vk, sy, ..., s; € D such
that s; + h, ..., s + h € D, the distributions of the original and shifted data are the
same:

Z(st,...,s5) 2 Z(s1+h,... s, +h) (2.3)

The process is said to be second-order stationary if u(s) = pVs € D, and
Vsy,80 € D, Cov [Z(sl), Z(SQ)] = C(s; — s2) (2.4)

for some function C(-) : R* — R.
The process said to be Gaussian if any finite sample from it has a multivariate
normal distribution. For Gaussian processes, the two definitions of stationarity are

equivalent.

2.1.2 Spatial prediction: kriging

Suppose one wants to obtain a point estimate and the standard error of that estimate
at a new location sy not available in the data set. Suppose we can model the spatial
trend as

Z(si) = X(s;)B+n(s;), n~NOX),i=1,...,n (2.5)

so that the mean, or the fixed effect, or the trend of the process is u = X3, n is the
realization of a spatially correlated noise in given locations, and ¥ = ¥(0) is the known
spatial covariance matrix of the observed elements of the spatial process parameterized
by a low dimension vector #. (In the examples below, € has two to four components.)

The new observation is supposed to also follow the model

Z(s0) = o3 + 1o (2.6)



where 7y comes from the same field, and its covariance with the observed data can be

found as
Enon =T (2.7)

It can be shown (Cressie 1993, Smith 2003) that the best linear unbiased predictor
(BLUP) for Z(sy) can be found as

=alB+7T8 N2z - XT3, (2.8)
B=fars = (XTe'x)'XTe"17 (2.9)

The first term of 1} xOTB, is the prediction from the linear regression part, and the
other term is capturing the spatial correlation of residuals 7. 01 The mean squared

prediction error (assuming () is known) is given by

MSPE[éo] = V[éo — Zo] = O'g—i-
+(zo — XTI ) N(XTE T X) N wg — XTE ) =78 T (2.10)

where 02 = V[no]. The first two terms represent the standard formulae for the prediction
variance in a linear regression, and the terms involving 7 show the reduction of the

variance due to the information used from the spatially correlated measurements.

Those formulae are known as the universal kriging. A simpler version of the ordinary
kriging is obtained when no regressors are present, so that the trend part of the model
is simply

Xp=pul (2.11)

where T = (1,...,1)7. The name of the method comes from the early works by Krige,

a mining engineer, one of the founders of geostatistical models.

If the parameters 6 of the spatial covariance process are to be estimated, the equa-
tion is estimating only a part of the total variance that Cressie (1993) calls
probabilistic prediction error, and that is related to the variability only in the new
observation. The other part is the statistical prediction error, and it is related to the
sampling variability of the estimates. The appropriate corrections are difficult to come
by in the analytical frequentist framework, and Bayesian models have a greater promise

in this respect.

A BLUP of an areal average can also be obtained in a similar way as a linear

combination of the observed data along with the standard error. See Smith (2003).



2.1.3 Variograms and semivariograms

The dependence in a spatial field is usually characterized by a variogram. Assuming
for transparency p(s) = 0 (which we shall do later anyway as we shall be modelling the

residual covariance in a regression model), denote
V[Z(Sl) — Z(SQ):| = 2’}/(51 — Sz) (212)

The function 7(-) is referred to as semivariogram, and 2v(-), as variogram. If the
process admits such representation, it is called intrinsically stationary, which is a weaker
concept than stationarity. A 2D Brownian shield is not stationary, but intrinsically
stationary with y(h) o ||h||. A process is called isotropic if the variogram only depends

on the Euclidean distance between the two points:
v(h) =%(hl), 7:R'—R,%:R—R (2.13)

The typical shape of the variogram function of a stationary isotropic process has
three main features shown on Fig. 2.1} The sil is the asymptotic value of y(h) as
|h|] — oo, if such a value exists. The nugget models the jump of y(-) in the vicinity
of zero, and is most often attributed to the white noise measurement error, and the

value of the nugget is the variance of this error. The range is the distance at which the

nugget

range

Figure 2.1: A stylized variogram function.



spatial correlation drops to zero, and the variogram reaches its maximum value (the
sill). For some models, the sill is never achieved, but still one can talk about the range

as the characteristic distance at which most of the action in the variogram occurs.

A special concern in variogram modelling is making sure the implied covariance

function is non-negative definite:

Vk, VSI,...,Sk S D, Val,...,ak S R,
VD aiZ(s)] => Y aa;Cov[Z(s;), Z(s;)] >0 (2.14)
g

%

and the corresponding variograms are non-positive definite:

Vk, VSl,...,Sk €D, Val,...,ak GR,Z(IZ':OZ> ZZaiajv(si—sj) <0 (215)

If this property is not satisfied, the variances of the spatial predictions (2.10) may

become negative.

There are a number of analytical forms for variograms of stationary isotropic processes
that guarantee sign definiteness. The most popular examples are given in Table
adopted from Smith (2003). The power law can be used to model a non-stationary, but
intrinsically stationary, field, with a special case of A = 1 corresponding to the linear
form of the variogram (such as in Brownian motion). The spherical model is only ap-
plicable for d < 3. It fails positive definiteness in higher dimensions. The exponential
power variogram has special cases p = 1, exponential form; and p = 2, Gaussian form.
The Gaussian form is so called because of the similarity of the correlation function to a
normal density, and does not imply that the process itself is Gaussian. The wave form
is not monotonic and may be useful if the observations further apart in the space may

have larger correlations than those closer in space.

A rather special class of specifications is Matérn class derived from the bivariate

spectral density of the process:

1
= 2.16
) = ey (210
It is expressed in terms of covariances rather than a variogram:
02
1 2+/0t 2+/05t
Co(t) = 202_1F(«92) ( 5 > Ko, ( ) (2.17)



10

Yo(t) = Notes
Power law co + ettt c1 > 0, non-stationary, 0 < A < 2
Spherical co+ c1 {%% — % (%)3J, t<R|ci >0
(d<4) c+c,t>R co + ¢ is sill, R is range
Exponential- | ¢o + ¢1(1 — e‘t/RVD) c1 > 0; ¢g + ¢1 is sill; R > 0 is range
power 0 < p < 2 is shape parameter

p = 1 — exponential, p = 2 — Gaussian

Rational Co + 1174277 e >0, co+ e is sill
quadratic R > 0 is range
Wave cot+er(l— %sin %) cp >0

Table 2.1: Parametric forms for variograms. For all specifications, 7(0) = 0, so ¢y > 0
is nugget.

where 6; is the scale parameter, 0 < 0 < oo is the shape parameter (the case § — oo
corresponds to the Gaussian variogram function), and K,(z) is the modified Bessel
function of the third kind of order v (Abramovitz & Stegun 1964). It is a solution to
the differential equation

zQ% + 2,26;—1: —[Z4+rvv-1w=0 (2.18)

The examples of all those functions are given in Fig. (reproduced, with permis-
sion, from Smith (2003)).

The parameters of the variogram models can be estimated by (versions of) the
least squares method fitting the parametric model to the empirical variogram, by the
maximum likelihood, or by restricted maximum likelihood. In this paper, we shall
concentrate on the likelihood-based methods as long as they allow explicit treatment

of the missing data.

2.1.4 Spatio-temporal models

There are several approaches to incorporate the time dependence in spatio-temporal
models.

The first big strand of literature starts off with the geostatistical models and allow
the dependence on time. In the simplest form (which is what we concentrate further on

in the proposal), such a model is a set of uncorrelated over time repeated measurements
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(@) (b) ()
10 10 10
08 08 08
06 06 06
04 04 04
02 02 02
00 00 00
0.0 05 10 15 20 00 05 10 15 20 00 05 10 15 20
(d) (e) ®
10 10 10
08 08 08
06 06 06
04 04 04
02 02 02
0.0 00 00
0.0 05 10 15 20 0.0 05 10 15 20 00 05 10 15 20
(@ (h) 0]
10 10 15
08 08
06 06 o
04 04 05
02 02
0.0 00 00
0.0 05 10 15 20 00 05 10 15 20 00 05 10 15 20
0} [(N] (0]
20 10 10
15 08 08
06 06
10
04 0.4
05 02 02
0.0 00 00
0.0 05 10 15 20 00 05 10 15 20 00 05 10 15 20
(m) () (0)
10 10 10
08 08 08
06 06 06
04 04 0.4
02 02 02
00 00 00
00 05 10 15 20 00 05 10 15 20 00 05 10 15 20

Figure 2.2: Examples of isotropic variogram functions: (a) linear; (b) spherical; (c)
exponential-power, p = 0.5; (d) exponential (exponential-power with p = 1); (e)
exponential-power, p = 1.5; (f) Gaussian (exponential-power with p = 2; Matérn
with 0y = 00); (g) rational quadratic; (h) wave; (i) power law, A = 0.5; (j) power law,
A = 1.5; (k)-(o) Matérn function with 6 = 0.1,0.5,1,2,10. Courtesy of Smith (2003).
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Z where the subindex s enumerates locations and ¢, time:
Zy ~iid. N(p,2(0)) (2.19)

where the trend ug may have both a spatial and temporal components. The model is
treated in more detail in Section 2.4]

This model is plausible if correlations over time are small. If they are not, a model
that accounts for such correlations needs to be built. Such model can be recast in
the form of the spatio-temporal field that leads back to the formulation like , but
the domain D will now be a subset of R® to encompass both spatial and temporal
dependence.

The simplest extension of is to assume that despite the temporal correlation,

the process is separable:
(COV(Z(Sl, tl), Z(SQ, tg) = CS<Sl — SQ)Ct(tl — tg) (220)

In this case, the covariance matrix has a Kronecker structure that is reasonably easy to
deal with (see Appendix, and the log-likelihood can be straightforwardly maximized
over the parameters of the spatial and temporal covariance functions Cy(-) and Cy(-),
respectively.

In more interesting (and more realistic) cases, the covariances are non-separable.
One approach to model such covariances is to use non-parametric or semi-parametric
models (Haas 2002) that estimate the empirical spatio-temporal variogram based on
certain concepts of the spatio-temporal neighborhoods, with some resemblance to the
kernel density / regression estimates. An alternative approach is to find the appropri-
ate global spatio-temporal variograms that possess all the required properties such as
negative definiteness by inverting the appropriately behaved spectral densities (Cressie
& Huang 1999, Gneiting 2002, Stein 2002).

Another big strand of literature has Bayesian origin. Those models (sometimes
referred to as physical-statistical models, and also used in connection with data as-
similation models) are aimed at combining the data observed from fixed monitors or
satellites with the predictions obtained from the weather models based on complex sys-
tems of multidimensional partial differential equations describing atmosphere, ocean,
and their interaction, and solved by grid methods. The scientifically motivated models
provide the prior distributions (or the main parameters of such priors, such as means

or modes), and the actual observations serve for Bayesian updating. Thus, regional
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maps of the quantities of interest (such as winds, temperature, humidity and other
characteristics of the atmosphere) can be obtained. The examples of this approach are
Hoar, Milliff, Nychka, Wikle & Berliner (2003) and Wikle, Milliff, Nychka, & Berliner
(2001) in atmospheric research, and Wikle (2003) also uses the same approach in an

ecological problem.

2.2 Missing data challenges

One of the practical complications arising between the theory and the available data
sets is the fact that some of the observations may be missing from the data.
The main principles of the analysis of the data with missing values are laid out in

Little & Rubin (2002). Their framework is as follows.

The researcher’s interest lies in the model of the form
Vi~ [y X,0) (2.21)

where X represent explanatory exogenous variables, Y; are observations on the depen-
dent variable conditionally independent given x, and 6 are parameters of interest, such
as regression slopes and spatial covariance parameters in our application. Some of the
observations on Y;, however, may be missing, so along with Y;’s that may or may not

be observed, the data set contains indicators of missing data

1, Y; is missing

;= (2.22)
0, Y; is observed

and the mechanism of the missing data is described by a model with parameters W:
Pr[Z; = 1|Y, X, ¥] (2.23)

The following typology is suggested. The data are said to be missing completely at
random (MCAR), if
Pr[Z; = 1|Y, X, V] = p(¥) (2.24)

that is, constant across all observations. The data are said to be missing at random

(MAR) if the probability may depend on the observed variables:

Pr[Z; = 1|V, X, V] = p(X, V) (2.25)
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Finally, the data are not missing at random (NMAR), if the probability in de-
pends on the missing value Y itself. If a measurement on a pollutant concentration
below or above a certain threshold cannot be obtained, then the mechanism is NMAR.
If the probability of not getting the measurement depends on the day of the week and
the altitude of the monitor, say, but not on Y, then the data is MAR. The missing data
mechanism is ignorable (i.e. the straightforward maximum likelihood estimation, as if
the data matrix were full, yields consistent and asymptotically efficient estimates for
the given sample size, just as the estimation procedure that would model the missing
data mechanism) if the mechanism is MAR, and the parameters of the primary model
and the missing data mechanism are disjoint (i.e. the vectors # and ¥ do not have any

common or functionally dependent components).

The fact that some of the data are missing is formally not much of a trouble for
maximum likelihood. If the random field is assumed to be normal and observations
are independent over time, the likelihood function for each moment in time ¢ can be

written as

[(Oly) = (2m)™2[2y(0) 72 exp[_%(% — 285 (0) " (ye — 16,)] (2.26)

where the subindex ¢ indicates that observations from different sites are available at
different points in time, so the dimensions of the measured PM, 5 concentration g,
the explanatory variables x;, and the vector of the various trends coefficients (3, are
changing from one week to another, according to the number of available sites. However,
computing many determinants and the inverse matrices is likely to be time consuming.
For an arbitrary symmetric matrix, the fastest inversion algorithm is through Cholesky
decomposition (Demmel 1997) that can also give the determinant as the product of
eigenvalues of a matrix. For a matrix of size k, this decomposition requires O(k?)
floating point operations. For larger matrices, a greater computational time arises
due to different access times for different types of memory such as registers, processor
cache, main memory, and disk memory, with access times differing by a factor of about

102 — 10? from one type of memory to the next slowest.

One alternative to the straightforward MLE is the EM algorithm.
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2.3 The EM algorithm

The expectation-maximization (EM) algorithm is a procedure to find the local extrema
of the likelihood surface that works through incorporation of the missing data into
the estimation procedure. The missing data in question may be an “authentic” missing
data, i.e., the observation failed to be taken properly; or it may be an artificial construct,
such as class labels in one of the important applications of the EM algorithm in k-means
clustering / mixture decomposition.

The term was introduced by Dempster et al. (1977) where the history of similar
methods was given, and the main convergence results were proved. The contempo-
rary suggested monographs on the topic are Little & Rubin (2002) and McLachlan &
Krishnan (1997).

The algorithm delivers the ML estimates for the case when the missing data mech-
anism is ignorable (see discussion in the previous section). It does so by alternating
expectation (E) and maximization (M) steps.

At the expectation step, the conditional expected value of the log likelihood is
computed given the observed data Y, and the current value of the parameter vector
6" that combines both the model of interest and the missing data model .

That is, the expectation is taken over the distribution of the missing data Y,,;ss:
Q(e'@(h), Y;bsa X) = /l(ely)g(szssD/obsa X7 0 = Q(h)) deiss (227)

One can think of this step as of a sort of imputation step, although imputation usually
refers to coming up with a number for a missing datum, while the E step of the EM
algorithm works on other moments, cross-products, etc. Another expression often used
is “to integrate out” the missing values. In fact, if there is a sufficient statistic for the
model, then it is enough to compute the expected value of this statistic conditional on
the observed values of the variables involved, and on the current parameter values.

At the maximization step, the full likelihood is maximized with respect to the pa-
rameters by using the “imputed” missing values or the expected values of the sufficient

statistic:
o+ — arg max QO10™), Yoy, X) (2.28)

The procedure is iterated until convergence, which may be operationally defined that
the successive parameter values do not change much, or the likelihood does not change

much, or any sensible combination of the two. (As long as the EM algorithm does not
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involve the gradients, the closeness of the gradient to zero, which is usually the best

convergence criterion, cannot be used.)

It is shown (Dempster et al. 1977, Little & Rubin 2002) that the EM algorithm con-
verges to a stationary point of the log likelihood functions under regularity conditions
that seem to be quite general (smoothness of the likelihood function, interchangeabil-
ity of expectation and differentiation operators, boundedness of the likelihood function
from above). For some likelihoods and for some special starting values, however, the
EM algorithm can converge to the saddle point of the likelihood, or even to a local

minimum if that was a starting point.

A version of the algorithm (generalized EM, or GEM; see Section 3.3 of McLachlan
& Krishnan (1997)) attempts to increase the likelihood at the M step rather than fully
maximize it:

Q(G(h+1)|9(h),yobs) > Q(Q(h)w(h),Yobs) (2.29)

As the only requirement for the convergence of the EM algorithm is that the (true)
likelihood is increasing (weakly) at each step, the GEM algorithm also converges, with
the same qualifications on the likelihood surfaces and starting points that apply to the

generic EM algorithm.

Another possible modification of the EM algorithm is to split the parameter space
into subspaces © = (W), ... ©W) that fully span the original parameter space, so
that the maximization at the M-step is performed separately over each of the subspaces.
This version is referred to as ezpectation—conditional maximization (ECM) algorithm
(McLachlan & Krishnan 1997, Section 5.2). In our application, the obvious choice is to
maximize over the regression slopes subspace (where the maximization is simply a GLS
regression), and the spatial covariance subspace. The latter may be further divided into
overall scale, nugget, range and shape parameters. Thus a computationally expensive
iterative nonlinear maximization is confined to a small number of parameters (two to

four) and is likely to be much faster.

One of the weak points of the EM algorithm and its modifications is that they do
not produce standard errors in the way Newton-Raphson likelihood maximization pro-
cedures do. It is still possible to obtain the standard errors by producing the empirical
Jacobian J (é) of the likelihood surface. The procedure is known as supplemented EM
algorithm (Meng & Rubin 1991, McLachlan & Krishnan 1997, Section 4.5), and has

some similarities with Louis (1982). In the presence of the missing data, the information
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contained in the data can be described as

10,y) =10, 9)[L = JO)], I'(0,y)=1"(0,y)+AV,
AV = 1[I —J(6)] J(O)I;1(6,y) (2.30)

where I.(+) is the conditional expected complete-data information matrix. After the
convergence of the EM algorithm is achieved, so that 0 = (él, cee ép) is the ML estimate
of the parameters, the probing values é(j) = (él, e ,éj +hyj, ... ,9p) are formed, with a
suitable step size h; that does not lead too far away from the MLE, and one step of the
EM algorithm is performed resulting in é&ij). Then the approximate Jacobian is formed

by combining the entries of the form
Jij = ’h—, (2.31)

and the corrected information matrix / asymptotic covariance matrix can be formed

through (12.30)).

2.4 Repeated measurement

and dissociated models

The spatio-temporal model (2.19) has some similarities with the repeated measures
(longitudinal, panel) models, in which each individual is observed a number of times,
and also mixed models that have multiple random and fixed effects. The general form

for such models can be given as follows:
yi = Xia + Z;be; (2.32)

where X; and Z; are the covariates / design matrices corresponding to the fixed and
random effects, respectively; « are the fixed effects coefficients; b; are the random
effects with mean zero and variance matrix D (so the assumption most often made is
that b; ~ N(0,D)); and ¢; are individual (measurement) errors independent of all other
variables in the model (say €; ~ N(0,02I)). The parameters a and the free elements
of D are to be estimated.

In the repeated measurement model, the vector of y; corresponds to all observations

made on i-th unit, and the simplest model with a single random effect to the intercept
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has a random (univariate) variable e; that enters all observations on the unit through the
unit design vector: Z; = 1. Laird, Lange & Stram (1987) derive the particulars of the
EM algorithm for this model by working out the required sufficient statistics, where the
missing data are the random effects b;. The matrix D is assumed to be free (besides
being non-negative definite). Laird et al. (1987) also discuss a simplifying formulae
for matrix inversion when not all of the components of the vector y are observed,
so that the likelihood contribution involves (an inverse of) the matrix D, = Z;DZ;
(which is a minor of the matrix D). Ibrahim, Chen & Lipsitz (2001) discuss the
implementation of the Monte Carlo EM algorithm for the generalized linear mixed
models with non-ignorable missing data mechanism. It uses the EM by the method of
weights (Ibrahim 1990), and it samples from the conditional distributions of the missing
data and unobserved random effects b; via the Gibbs sampler. Each observation ¢ with
missing data is expanded into a set of completed data, and given a weight 1/m; where m;
is the number of Monte Carlo samples taken for this observation. The complete data M-
step can now be taken by the standard complete-data routines, and the process iterated
until convergence. Ibrahim et al. (2001) also give the formulae to estimate the observed
information matrix based on the derivative of Q(+|-) and the completed likelihood scores
(i.e., the information matrix reported by the complete-data routine). The procedure is
unlikely to be of practical use in the current environmental applications, however, as
in the typical data sets, one has 10! — 10% missing observations at each time point, and
Ibrahim et al. (2001) note that this can lead to inefficient and computationally unstable
Gibbs samplers, as well as highly autocorrelated series of MCMC samples. Besides, the
spatial correlation cannot be represented in form ([2.32)) unless the dimension of b; is the
same as number of sites, and sampling from the conditional distribution again requires

inversion of many covariance matrices for each instance of time.

There are methodological differences between repeated measurement / mixed /
panel models described above, and spatio-temporal applications we are interested in.
In the latter, potentially all observations may be correlated through both spatial cor-
relations across the units at the same time, and through the time series process for
a single location. Sometimes, it turns out to be possible to model the temporal de-
pendence through a trend, so the residual processes at each site are approximately
uncorrelated temporally. The spatial correlation is more difficult to deal with, so one
ends up with a model that is a “transposed” version of where the correlated
measurement are those taken at the same time. The index ¢ is then running over time,
and there is a spatial correlation built into matrix D. As mentioned in section this

matrix is assumed to be dependent on a relatively few parameters such as the overall
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variance, the range and the shape parameters, unlike the case of the model where
the matrix D is often assumed to be a free symmetric and non-negative definite matrix.
The individual errors e; can be thought of as the measurement errors contributing to
the nugget effect if it is not modelled explicitly in the specification of the semivariogram.
Such models can be called dissociated models, so as not to create confusion with the
repeated measurement and panel models, where the incidental correlations are the ones
over time within the same unit, while in our spatio-temporal models, the important
correlations are those that occur between different units contemporaneously.

Another methodological aspect is the need for averaging that does not arise very
often with the biostatistical longitudinal data. Some of the EPA standards, including
those on particulate matter, require averaging over time, although they do not require
the use of spatial averaging or computing areal averages. The averaging is understood
as computing arithmetic averages of the available observations. The EPA does note
however that “the use of averages from single or multiple community-oriented sites
is more closely linked to the underlying health effects information, which relates area
wide health statistics to averaged measurements of area wide air quality” (EPA 1997a).
Averaging over space can be an important problem, too. Researchers studying trends
in air pollution often use spatial averages as an indicator of the overall exposure in a

population.



20



Chapter 3

Approximate EM algorithm for
AR(1) process

The previous chapters have overviewed the main estimation problems in the geostatis-
tical spatio-temporal model framework, including the general approach to model the
spatial covariances with parameterized variograms, and the difficulties that arise be-
cause of missing data. The EM algorithm seems to be a promising tool in this problem,
but a straightforward implementation of the algorithm seems to require a lot of compu-
tation. As was proposed in Chapter [1| and in Smith et al. (2003), some computational
time savings are possible with an approximate EM algorithm (or its generalizations)
that uses the unconditional expected values for the sufficient statistic in Q(-). The
properties of such approximation are unknown at this point, and investigation into
those is the prime goal of this proposal and further research, as outlined in Chapter [6]

This chapter takes a simple analytical model of an AR(1) time series process to
analyze the performance of the proposed approximation to the EM algorithm. In this
example, we are going to have a single instance of the correlated data, with an analogy
of a single instance of the observed spatial field in the environmental applications, or an
inseparable spatio-temporal field with correlations penetrating throughout the whole
data set. Another specific feature of the time series is a distinct ordering of observations
which does not have any analogue in the spatial or spatio-temporal context.

The problem of missing data in time series has been receiving substantial attention
in the literature, as the missing data break otherwise nice structure of time series.
Besides, due to autocovariance of the observations, a single missing data point may
lead to a loss of many degrees of freedom (p + ¢ in a naive implementation of an

ARMA(p, q) model) as long as a single datum appears several times in the estimation
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procedure. A number of approaches has been outlined in the time series literature.
The likelihood of the time series with missing observations can be derived explicitly,
as in Ljung (1982) or Penzer & Shea (1997). Alternatively, state-space models such
as Kalman filter can be used to estimate the missing observations and parameters of
the model (Kohn & Ansley 1986, Harvey & Pierse 1984). Regression-based methods of

estimating the missing observations can be used, too (Beveridge 1992).

We, however, only use the AR(1) time series to provide a tractable analytic frame-
work. We begin with the likelihood and estimating equations when the sample is com-
plete, and no data are missing (Section . Then we shall introduce a gap of missing
data and derive the estimating equations in the likelihood context (Section [3.2). The
EM algorithm, as should have been expected from the general theory, gives the same
estimating equations (Section. The proposed approximation, however, gives biased
estimates (Section , and a correction to eliminate the bias is proposed. Finally, a
more realistic scenario with many gaps of size 1 is considered in Sections (ML ap-
proach) and (approximate EM). The approximate EM gives biased estimates, but

the bias terms in the estimating equations can be compensated for.

3.1 AR(1) process

Consider an AR(1) time-series process
y=a+py1+e, tEICZ, ¢~iid N(0,07) (3.1)

Assume |p| < 1, so the series is stationary. The mean of the process is

a

p=Ey = 1=, (3.2)
so the process can also be written in deviations form as
Yo — = p(Ye-1 — 1) + € (3.3)
The variance of the process is
oo =Viy = i (3.4)
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If a sample of y;,t = 1,...,T is observed, then the log likelihood of the data is

T 1 1
InL(p, p,0f5y) = =5 n2r — SIS = Sy — 1p)"S7 (y — 1p) (3.5)
where T = (1,...,1)T is the column vector of ones. The covariance matrix, its inverse
and its determinant are
1 p? . pl=t
2 T—2
2 p L p p° ...p
Y= 3.6
— , (3.
pT=2 T3 o1
pT=1 =2 L2 ) 1
1 —p 0 .o 0
L 1+p> —p 0 ... 0
y»l= 0—62 ................................. ) (3.7)
0 .. —p 1+p* —p
0 0 .0 —p 1
2T
Yl =— 3.8
== % (39
so the likelihood simplifies to
2 T 1 2 2
InL(p, p,02;y) = —51n27r - §(TlnaE —In(1—p?))—
1 T
~ 53 [(1 +0)> (=1 =0 (1 — 1) + (yr — 1))
€ t=1
T
—2pY (e — 1) (Y-t — u)} (3.9)
t=2

From (3.9, the minimal sufficient statistic of the data is

T T T
(Z Y > Ui Zytyt_l,yl,yT) (3.10)
t=1 t=1 t=2

As explained in Section [2.3] the sufficient statistic plays an important role in the EM
algorithm. We shall use (3.10)) in Section
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Note that the variance estimator is

o7 = %Q(y,um), (3.11)
Qy, . p) = (y = 1) S(p) (y — Ip) =
= (140> (=)’ = — 1) + (yr — 1))
—2p > (v — 1) (Y1 — 1) (3.12)

so the log likelihood concentrated with respect to o2 is then

InLo(p, p;y) = In L(p, p, 0%;y) =

- T 1 Q(yaluap) 2 T
= 21n27r 2(Tln T In(1 — p?)) 5

(3.13)

Differentiating (3.13|) with respect to p and setting the derivative to zero gives
T-1

+ =)+ Yr—pn)=0 (3.14)

t=2

Differentiating (3.13|) with respect to p and setting the derivative to zero gives

p ] (e = 1)* =D (e = ) (e — 1) + a(p, T)Q(y, 11, p) = 0, (3.15)
where 5
a(p,T) = T(l—pr) =0T (3.16)

ML estimates of the parameters are

T

1 y1 +yr 1
flenvt, = szt a(pPe:mrs )(ftzlyt— 5 )+0p(T ) (3.17)
Z-':Ql (yt - MCZML) + a(,ac:l\/[ln T)Q(Y7 ﬂCIMLy pAc:ML)

ﬁc:ML — = ~ =
ZtT:g(?Jt - ,UC:ML)(ytfl - ,UC:ML)
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— tT:_Ql (e — fleavr)?
ZtT:Q(yt - ﬂc:ML)(ytfl - ﬂczML)

Q(y, fle:ML, ﬁc:ML)
Zthz(yt - ﬂczML)(yt—l - ﬂc:ML)

_|_

+0,(T™1) (3.18)

+a(ﬁc:ML7 T)

The subindex c¢:ML indicates that the estimates are obtained from the complete data
set by maximum likelihood. The estimates can be computed by a numeric maximization
procedure. Alternatively, one-step estimates that are asymptotically equivalent to the

ML estimates can be obtained as follows. First, the OLS estimates

T
1
[0 =9y =— 3.19
fioLs =9 = 7 ;1 Y (3.19)

S (e — fiors)?
S (W — ftons) -1 — fioLs)

POLS = (3.20)
are obtained which are consistent estimates of the corresponding parameters, then

a(pors,T) and Q(y, foLs, PoLs) are computed to improve the estimates up to the

first order terms by (3.17) and (3.18]).

3.2 AR(1) with missing data: ML approach

Now, suppose a portion of data that came from the AR(1) process is missing, so we first
have n observed data points (yi,...,¥,), then [ missing observations (Yni1, - .-, Ynt1),
and then again m observed points (y,1i11,--.,yr), T =n+ 1+ m. The log likelihood

is then

m+n
2

1 1
In 27 — 3 In|¥° — =(y — Tp)"'2Hy — 1p) (3.21)

hlL(:u?p?Uez;Y):_ 9

where >° has a block structure:

T, R
50 = : 3.22
() a2
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1 p P pit
2 s—2
52 L p »p P
T, = | ,
1- p2 s—2 s—3
p p 1 p
ps—l s—2 p2 ) 1

pltm pntl plrmtn—1
. 52 gl pn pldntl phmn=2 _

L= % |

e pltm

ol
2 I+1 :
(iepr , (L,psp™ )
1

is a rank 1 matrix of dimensions n X m.

(3.23)

(3.24)

By using the formulae for block inverses (see e.g. Mardia, Kent & Bibby (1980)),

<A B) o (E F>
C D G H)’
E=(A-BD7'C)"', G=-DCE,
H=(D-CA'B)", F=-A"'BH

the component blocks of
B Y 11 Y 12
Eo 21 Eo 22

can be obtained as follows.

(3.25)

(3.26)
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1 —p 0 e 0
| 1+p*> —p 0 0
><0_—62 ................................. X
........... —p 14+p* —p
0 0 0 —p 1
Xl_pg( ) P ) P 17p )T<IO 17p 17 7p71):
g2p2+D
= ——=(p Lo DI = p%0,...,0)x
(1=p?)
X(17p""7pm_17pm)T(pn_17pn_l7'"7p71>:
02 p21+1)
= 6—(1071—1, s Py ]-)T(pn_la s Py 1) =
1—p?
2n—2 2n—3 n n—1
U2p2(l+1) P P e PP
=1 7| o (3.27)
pnfl pn72 p 1
To proceed with (T;, — RT,,* RT)~!, the following matrix identity can be used:
(V4+W) =V (T +wv)~ (3.28)

In using this formula, we shall have V' = T}, with known inverse, and W is the negative

of (3.27). Then

o\ L\ L 0 0
2
204 1) —p 1+p p 0 0
wyv= =
L—p
! ! 0 ... —p 1+p* —p
0 0 0 —p 1
pnfl 00 ... 0 _p2l+n+1
pr ) Do :
=15 (0,0,...,0,1—p%) = ; o s (3.29)

9142

—
]
S O
(e}
s
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Further,
1 0 . _p2l+n+1
0 _p2l+n
(T+WVh= | . :
0 1 _p2l+3
0 0 1 p2l+2
1 0 ) p2l+n+1/<1 _ p21+2)
0 1 ) p2l+n/(1 _ p2l+2)
(IT+WV h = . :
0 ... 1 p21+3/(1 _ p2l+2)
0 ... 0 1/(1 — p?*2)
VI + WY =
I —p 0 10 ... pHintl/(1— p2t2)
—p 14+p* 0 0 1 ... pHm/(1— pHt?)
- ; ..........................................................
“10 coe o =p 142 —p | [0 .1 P31 = pHFR)
0 0 —p 1 0 0 1/(1 — p?+2)
1 —p 0 ...... 0 0
—p 1+p*> —p 0 . 0 0
=g = yeolt (3.30)
1o 0 0 —p 1+ p? p
0 0 —p  o(p,1)
1— p21+4
P(p;l) = [y (3.31)

which is the upper left block of (20)71‘
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The next block of X°7 1 is

1 —p 0 0
—p 1+p* —p 0 0
0% = —T 'R'SM = iz ................................. X
O-E
0 i, —p 14+p* —p
0 0 0 —p 1
o2phH P )
€ n— 1 2011 —
pm—l
0 1= 2 0 ...0 0
=—p" 1 |(0,...,0, m) =|. , (3.32)
: -p D
0 0 ...... 0
1—p?
U(p,1) = Plﬂl_—w (3.33)
The computations identical to (3.27)—(3.30)) yield
op,l) —p 0 ...
—p  1+p° —p 0O
022
5022 — [ , (3.34)
0 0 0 —p 1+p% —p

and finally 3°!2 = (2021)T.

The changes due to the missing data are concentrated near the place where it
is missing, as it should have been expected from the Markovian character of AR(1)
process. Let us consider the two limiting cases.

If I = 0, no data is missing, and one can verify that ¢(p,0) = 1+ p?, ¥(p,0) = p.
Then (ZO)_I has the form of (3.7)).

If | — oo, there are two independent samples of possibly different length from

AR(1), and both the covariance matrix and its inverse are block matrices with off-
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diagonal block equal to zero matrices.

The determinant of (20)_1 can be shown to be

207 = [olp, 1) — p?)” — (. ), (3.35)

which can be verified to give the appropriate limits 1 — p* and (1 — p?)? when [ = 0

and [ = oo, respectively.

Let us now derive the normal equations. The generalized sum of squares is

Q(y, 1, p) = (y — Ip)"2%(p) My — Tp) =

= (g1 — )+ (yr — p)* + (1 4 p°) [Z(yt -+ Y (- M)Q] +

+¢(p) [(yn — 11)? 4 Yni41 — u)z} -

—2p [Z(yt — W@ =)+ Y (=) (e — u)}
=2¢(p)(Yn — 1) (Ynt11 — 1) (3.36)

The likelihood can again be concentrated w.r.t. o2:

Q°(y, 1, p)

O-EQIML n+m (3.37)
In L.(u, p;y):—n+mln27r—
1 (v, 1, +
(e mm CEE o — T e 0)) "
(3.38)

The subindex i:ML denotes that this is the ML estimate for the incomplete data.

Differentiating w.r.t. u gives

(1—p)(y1—u+yT—u)+(1—p)2[i(yt—u)+ i (yt—u)h

+(@(p, 1) = (0, 1) = ) [(Yn — 1) + Wnsi1 — 1)] =0, (3.39)
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SO

:&i:ML =
(=)o +m)+ 0= R[St 5 u] 4000 = 000D = D)o + i)

21 =p) + (n+m—4)1 = p)*+2(¢(p) — ¥(p) — p)

n T
Y1+ y
[E Y + E yt}jta(p,n—l—m) 12 L
t=1 t=n+Il+1

IS $ 2 1-p=0(p,1) —¥(p,))
_n—l—m[;yt+ Z yt]n+m +

t=nt1+1 1=p
+¢(p’ l) — ¢(Pa l) —1
(n+m)(1—p)

1
n-—+m

(Yn + Ynsi1) + 0p((n+m)~") (3.40)
where the first term is O,(1), and all others are O,((n+m)™"). The second term is the

correction due to the terminal points similar to the complete data case, and the other

two are corrections for the missing data.

The derivatives with respect to p are as follows:

dé(¢, 1) _ i (20 +2)(1 = p**) = (20 +4)p*(1 = p*?)

dp (1 — p2+2)? (3.41)
dip(p,) [+ DA = p*) = 2p°](1 = p ) + p* (1 = p?) (2 + 2)
dp =P (1 _ p21+2>2 (3‘42)
1.0Q°(y, 1, p)
2 dp
D=+ Y = ]+ 0D — 1+ (s — )2 -
- [Z(yt — e =+ Y (= )y — )+
t=2 t=n-+1+2
U (0, ) (Y — 1) Wnti41 — u)} (3.43)
Ldln|ye-t

9 dp (¢(p7 l) - PQ) (¢,<pv l) - 2P) - 1/)'(,07 l)¢(pv l) (344)
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Then the normal equation for p is

10Q°(y, mp) _
2 dp
Q°(y, 1, p) (9(p, 1) = p*) (& (p,1) = 2p) — b(p, )Y’ (p,1)
ntm (60,1 — 227 — (o, ) = Rymp) 345)
e ) Y (e — )
ML n+m

n

S W — )+ Y = 1) — 1) — Wit — 1) (5o — 1)

_t:Z t=n+I1+2 —
n—+m
1 &' (pivn, 1) — i, 2 2
= R - n - n - -
nm (v, 1 p) ntm [(Yn = 1)* + (Ynyir1 — 1)?]
w,(ﬁi:MLa l) -1
_ o ) (Unetes — 3.46
W = 1) (s = ) (3.46)

where the terms in the LHS are of the order O,(1), and the terms in the RHS are of
the order O,((n+m)™).

Just as in the case of the ML estimates for the complete data, the explicit analytic
solution cannot be obtained. In practice, one would need to use two-step or iterative
procedures. The starting values can be based on the sample mean and the sample cor-
relation between y; and y;_1, as before. It should be noted however that the corrections

due to the missing data are of order O, ((n + m)™").

3.3 AR(1) with missing data: the EM algorithm

The EM algorithm is an iterative procedure of finding the critical points of the like-
lihood function. See Section for a general overview and the main features of this
estimating procedure. The particular version of the EM algorithm that we want to
consider is the expectation-conditional maximization (ECM) variant of the EM algo-
rithm in which the maximization can be performed separately over subspaces of the
parameter space spanning the whole space. We would like to split the maximization
into maximization over the mean parameter subspace (u in our case, or regression co-
efficients if covariates are allowed for) and the variance subspace that may be split
further into the overall constant o2 that lends itself to a simple enough estimate such
as , and the covariance structure parameter, which in this case is p.



33

As was shown above in (3.10)), the sufficient statistic of the complete data set is

T T T
<Z yt7zyt27 Z?Jtyt—hyl,yT) (3.47)
t=1 =1  t=2

Thus, to get an implementation of the EM algorithm, we need to be able to predict the
three sums given the parameter estimates and the available observations, which boils

down to prediction of y;, y? and y;y;_1 when at least one of y;, y;_; is missing.

To derive the aforementioned conditional expectation, consider four-variate normal

distribution
Un 1 pr—l pr pl+1
2 r—1 1 l—r+2
Yntr=1 Ny M% r AR N R T3 BN GR )
Yntr p 1% P 1 P
Yn-tit1 pl-‘rl pl—r+2 pl—r-I—l 1

By the standard multivariate normal theory, the distribution of the unobserved

Yntr—1, Yntr conditional on y,, y,1y11 is bivariate normal with mean

ynJrrfl yn _
Yntr Yn+i+1
p+ e [0 = PP (Y — 1)+ (0 = 0 Yk — )] (3.49)
pt e (07 = ) (g — ) + (0 = P (Y — )] )

Yn+r—1 Yn _ 1 1Y .
Yn+r Yn+i+1 p 1
-1
B pr—l pl—r+2 1 pl+1 pr_l PT _
pr plfT+1 pl+1 1 plfr+2 plf’f”i’l

1 p 1
- (p 1) _1_p2l+2x

. p¥=2 2p21+2 + p21—2r+4 p27"—1 . p21+1 + p21—2r+3 _ p21+3 (350
p27‘—1 . p2z+1 + p2l—2r+3 . p21+3 o — 2p21+2 + p2l—2r+2

E

and covariance matrix
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This is also the kriging estimator in the univariate case.

Hence, the conditional expectations of the relevant sums are as follows:

l
1
:l { 2l r+2
(yn+l+1> ] M 1 — p2i+2 Z +

r=1

n+l

Zyt

t=n-+1

l

I—r+1 l+r+1 _
(Yntipr — E ]} =

p(1 —p") (1 —p™)
(1= p)(1 = p**2)

T
Z y;| observed data] Z Y + Z i + Lt

t=1 t=n—+1+2
(1 _ pl—i-l)(l _ pl+2)
(1—=p)(1 = p*+?)

[y = 1) + (Yns111 — )], (3.51)

[(Yn = 1) + (Ynr111 — )] (3.52)

This can now be substituted into the likelihood and the normal equations. For

instance, the normal equation for p, equation ({3.14)), becomes

0=(1-pE Zyt observed data] — (1= p)Tp+ (g1 — ) + (yr — p) =
[yt+ Z yt]+(?/1_ﬂ)+(yT—M)
+ _([1+ )fE”“) =19+ (st~ ] ~ (= (T~ D (3.53)

which after a number of simplifications coincides with (3.39). Other equations can be
verified in the same way to demonstrate the equivalence of the EM algorithm and the

maximum likelihood estimates.

3.4 AR(1) with missing data:
the approximate EM algorithm

The proposed approximate version of the EM algorithm suggests that the predictions

of the missing data statistics be simply the total, or unconditional, expected values.
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Denoting the approximate conditional expectation as [, we have

E [y:|observed data, p, p, o? ] =, (3.54)
E [y; lobserved data, p, p, 07 | = - (3.55)
p
2
E[ytyt_ﬂobserved data, i, p, o } =12+ ,010— (3.56)
p?

which is obviously quite different from what was derived in the previous section, and
does not account for the observed correlated data at all. Those are the values that can

be substituted in place of the missing components of (y — Tu)(y — Tu)T of .

Let us see what the estimating equations are that this version of the EM algorithm

implies. The approximate conditional expectation of the generalized sum of squares is

EQ'(y, 1, p) = (1 — 1)* = 2p(y1 — 1) (y2 — 1) + .. = 2p(Yn — 1) (Y1 — )+
2 2 2 1+p2) 0.2(1+p2) p20.2
1 2 L — 2_2p06 Ue( - € -9 €
U)o =) =295+ T2 1=
+(1+ p*) (Yntir1 — 1) = 2p(Yntir2 — 1) (Ynsipr — ) + ... —
=2p(yr — p)(yr—1 — 1) + (yr — p)* =

n T

+

3 +

=1+ D -+ Y W —p*[((yr = 1)? + (yr — p)*] -
t=1 t=n-+1+1
—2p [Z(?Jt — 1) (Y1 — p) + Z (ye = 1) (Y11 — )] — %—;f% +10?  (3.57)

and the approximate, or pseudo-likelihood, being maximized is

- T 1
In L(p, p, a?;y) = —51n27r - 5{(T —)Ino? —In(1 — p*)+

+(1+ %) [Z - Z ]—%[((yl — 1)+ (yr — )] -

=1 t=n+i+1

_2P[Z ?/t 11— [ + Z ?/t 1= 1) i 1"'92}} (3.58)

]_ _
t=n+I14+2 P
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Let us concentrate with respect to o2:

do? 202 204 (3:59)
Qy, 1, p) = (1+p) [Z(yt —w’+ > (- u)ﬂ -
=0 [ = ) + (yr — )] -
—2p [Z(yt — W) (or — )+ > (e — ) (e — u)} (3.60)
t=2 t=nt1+2
G2 arn = ﬁ@(y,u,p) == i —Q(y, 1. ) (3.61)

which is different by Op((n + m)_l) from the ML estimate given by 1} since the
terms Q°(-) and Q(-) differ by terms of O, (1) related to the corrections for the missing
data at the boundaries of the gap. The subindex i:aEM stands for incomplete data,

estimation by approximate EM algorithm.

The concentrated pseudo-likelihood is now

In Le(p, p3y) =
_ T 1 Q(Y7 Hs p) 2 1 + p2
= 21n27r 2{(n+m)1n e In(1 p)+n+m+1_p2} (3.62)
Differentiating with respect to u gives
19Q(y, p,p - —
—5% = (1+p2)[ (ye—m)+ Y (w —u)]+
K t=2 t=n+Il+1
n—1 T—-1
g — )+ e =10 = 20D -+ Y (- )+
t=2 t=n-+I1+2
1
+§{(y1 — 1)+ (Yo — 1) + Wnri1 — 1) + (yr — u)}} =
n T—-1
==X -+ > -]+ 0= - w) + (g - w)]+
t=2 t=n+I+1

[ (Yn = 1) + Wnrip1 — 1), (3.63)
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T-1

22% + > w+ l%p(?ﬁ +yr) + ﬁ(yn + Yntit1)
t= t=nti+1

(n+m—2)+2/(1—p)?

flizaEM = (3.64)

This differs from the ML estimates 1) by Op((n + m)_l). Note the same principal
term ), y; in the numerator; all other terms are of order O,((n 4+ m)™).

The derivatives with respect to p are as follows.

%Z—Cj = p[;(yt — )+ t:nz;+l(yt —~ M)Q] —
- [Z(yt — e =+ D = )y — u)], (3.65)
OlmL.  n+m S T
% = O {p[;(yt 1)? + t:;+l(yt 1) ]
- [Z(yt — e =)+ > (e — ) (e — u)} } - % (3.66)
t=2 t=n+I1+2
té(yt — 1) + Tf (ye — p)?
é(yt — 1) (Ye—1 — ) + _ éﬂ(yt — 1) (Ye—1 — )
- n+m B

1 pB=p) Ry, 1 p)
 on+m(1—-p2)2 nt+m

(3.67)

The terms in the LHS are of the order O,(1), and the term in the RHS are of the order
Op((n + m)*l). Note that the principal term is the same as for the ML case except for

the term (Yp4i41 — 1) (Yo — )/ (n + m) which is O, ((n +m)™"), so the two expressions
differ by O, ((n+m)™").

As noted in the end of Section [3.2] the corrections for the missing data are of order
(sample size)!. The suggested procedure essentially affects the weights of the bordering
observations vy, and y,.;+1 only, with differences in resulting estimating equations of
order (sample size)~!. It is then asymptotically equivalent to the maximum likelihood
estimates since their deviations from the true values of the parameters are of the order

(sample size) /2, as given by the asymptotic normality of the estimates.
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Thus, the approximate EM algorithm is asymptotically first-order equivalent to the
exact EM algorithm and the MLE for the considered case of a single gap of missing
data in the time series. This equivalence, however, only holds for a small amount of
missing data, i.e., a small number of affected observations. In the AR(1) case, the
data missing as a gap in the middle of the series, however long that gap is, only affects
the bordering observations ¥y, y,+i+1, and those observations have a weight of (sample
size) ! in the estimating equations.

The situation will change as we move towards more realistic missing data mecha-

nisms.

3.5 AR(1) with many gaps

Let us now assume that there is not a single gap, but a number of small gaps. Within
each gap, there is only one observation missing, and two gaps are separated by at least
two non-missing observationd]] If we denote the observed data by “o”, and missing

data by “x”, then a plausible series may look like

OO0 X 00 X 000 X 00000 X OO0 X 00

These assumptions look a bit artificial, but their sole purpose at this point is to make
the analysis tractable. The contributions to the likelihood of the missing observations
come only from the neighboring observations, and they are of the same structure that
has been derived earlier. Also, each of the non-missing observations contributes to at
most one missing observation.

If y; is an observation from AR(1) process (3.1), we can derive the conditional

distributions of the next two observations as follows:

Y1 |ye ~ N+ p(ye — ), 062)» (3.68)
Yeralye ~ N+ p* (g — p), 02(1 + p%)), (3.69)

The overall likelihood is then

InL(6) = Inl(y1]0) + Zlnl(yt+1|yt, 6) + Zlnl(yt+2|yt, 0)

teT teB

1 These assumptions are needed so that the likelihood function is simple enough to include only
first and second lag correlations.
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0 = (1, p,0?)
1 1 1 1 — p2
Ini(y1]0) = —§1H27T - 5111062 + 5111(1 —p*) — 20; (1 — 1),
1 1 2 1 2
Inl(yis1|ye, 0) = —§1n 2r — 5 Ino? — 2062 [(yt+1 — ) — ply: — M)}
1 1 1 )
Inl(yii2lye, 0) = —=In 2w — —lna6 — —1In(1+ p7)
2 2 2
1 2
_202<1 T p?) [(yt+2 — ) = (Y — N)] (3.70)

where ¢ € 7 are all the time points for which the next point is observed (interior), and
t € B are the points for which the next one is missing (boundary). If there are M = vT'
missing data points over the period 1,...,T (v is the fraction of the missing data),
then there are M terms in the second (boundary) sum, and T'— 2M — 1 ~ T'(1 — 2v)

in the first (interior) sum. Combining the terms, we obtain:

T(1— T(1— 1 T
InL(#) = —MIHQ’/T - ulnae2 + = In(1 - p?) — i In(1 + p*)—
2 2 2 2
1— p2 1 2
——5os =) = 55 D [ — ) = plyn — )] "=
€ € teT
2 2
—u) — — 3.71
202 1+ %) zz; Y42 P (Y M)} ( )
The score equations can be derived as follows:
Oln L 1
= —2{(1 — ") — 1)+ > (1 = p) (1 — 1) — plyr — )]
5;1, e tel
2 [(Yero — 1) — P*(ye — )] } (3.72)
teB
with the sufficient statistic (Y1, ¥, D iepYts 2 _rep Yi+2)- The next equation is
OmL  T(1-v)1 Q
do? 2 062 ’
< 2
Qy, i.p) = (1= p*) (1 — ) + [(ym = 1) = plye — W]+
teT
1 2
T > [weve — 1) = p*(we — )] (3.73)

teB
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Finally, the parameter of the greatest interest, the variance structure, is found from

the following equation:

OlnL
op
p pvl p 1
T2 12 e —u)2+0—3;[(yt+1 — ) = p(ye — )] (e — 1)
1
T ) {Z 20(1+ ") (Y2 — 1) = p* (e — 1)} (91 — 1)

teB

+3 oo — 1) — PP (e — u)}Q} (3.74)

teB

The direct verification, of course, gives that the expected value of each of the score

equations is zero. The MLEs of the parameters can be obtained by solving the score

equations (3.72)—(3.74)), or by maximization of (3.71)).

The implementation of the (exact) EM algorithm would imply computation of the
conditional expectations of the relevant functions of the missing data. Suppose y;11 is

missing, and it is bordered by observed y;, ys12:

EYer1|Ye, Yero, 0] = p + [(Ye — 1) + (Vg2 — )] (3.75)

_P
1+ p?
from (3.19).

2
E[yt2+1|ytayt+270] = {E[ytJrl’yt’ytJr% 9]} +V[Z/t+1\yt7yt+2>9]7

1 — p*)?0?
VIYer1|ye, Yera, 0] = % (3.76)
from (3.50)), and
E YY1Vt Yer2s 0] = Ye E[ye1|ye, Yoo, 0],
EYes1Yer2|Ve Yev2, 0] = Yero Blyer1|Ye, Yero, 0], (3.77)

These expressions can now be used in the E-step in computing the expected values
of the sufficient statistics in Section For instance, equation ({3.14) becomes
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T-1

0= (1—p)E[Y (s — p)lobserved data] + (y1 — ) + (yr — p) =
=(1-p) [Z Y + ﬁ Z(yt—l + Y1 —2p) — (T — 2),“] + (Y1 — ) + (yr — 1)

(3.78)

where the first sum in the last line is over the available observations, and the second

one, over the missing observations. This form of the estimating equation is much clearer

than equivalent (3.72)).

3.6 AR(1) with many gaps: approximate EM

Let us utilize our approach of using unconditional estimates for the sufficient statistics

of the missing data. Then, denoting the approximate expectations by [,

IE[ym!@] = K
5 ) o?
El(Yer1 — p)710] = ———,
[(ye41 — 12)716] T
- po?
Bl —m e —mlf] = 75 (3.79)
Substituting those back to (3.9), we obtain
- 1 2
I L(0;y) = — 5 (T 270! + In(1 — p%)) + 2’;2 (1 = w)* + (yr — 1)*))
1 o’vT

o 1 2 . 2 1 2 €

57l 1+ )l (4 T

20T
—2p) (g — ) (Y1 — 1) — 2/)’01 5 } =
—p
tel*
1 vT(1—3p?)
= — = (Tn2r0? +In(1 — p?)) — ——— 1~
2( n 7TO'€ + n( p )) 2(1 . 02)
1
— 5.3 [(1 +0)> (e — 1) =0 (1 — 1) + (yr — 1))
€ tel

=20 (5= 1)y — 1) (3.80)

tel*
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where ¢ € Z* are the points for which neither 3 _; nor y;,; is missing. We made an
assumption earlier that only one of the two can be missing. |Z7*| =T —2M = T(1—2v),
so the last term in the first equality has a factor of 2v7T'.

The derivatives of this objective function yield the following estimating equations.

0= 8;;L - L [(1 +0) ) (e — 1) = p* (1 = ) + (yr — )

2
o
€ tel

o> (=) + (v - u)] =0 (3.81)

teT*

This equation gives a consistent estimate of u as its expected value is zero.

olnL p 2p 1 9
dp :1_p2—’/Tm—a—g[pt€ZI(yt—u)
— (1 =)+ (r = 1)) = Y e — )1 —p)| =0 (3.82)

tez*
Dividing through by 7" and taking probability limits, we obtain:
2 plim pPim:agm

1 L
_V(l — phm ﬁQ ‘ EM)Q - phm 0t2 phm Pim:aEM (1 - V)O'? — (]_ — 2V)p0’62:| = 0 (383)

The subindex im:aEM shows that this is the case of incomplete data with many
gaps, estimation by the approximate FM algorithm. We would also need to derive the

estimate of o2 and analyze the two limits together. If we can get a consistent estimate
of o2, then (3.83) shows inconsistency of p, as the equation (3.83)) becomes

2plim p

Vm +(1—v)plimp—(1—2v)p=0 (3.84)

Clearly, the plim pj,..pm # p unless v = 0. The expansion by v near zero gives

phmﬁim:aEM =p+ Av + Bv® + O(V2)7

2+ (1 -p)?
4= (T—pp2 "
B= %[(1 —p)?+2A(1 = p) +2p(1 — p) — 2] (3.85)

(1-p)
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Fig. characterizes the resulting bias of the estimator pin..gm. The probability
limits of (3.84) are understating the true correlation, and the ratio of the estimate to

the true p primarily depends on v rather than on p.

If we further take expansion over p near 0,

plim = =1—3v+o(v)+ o(p),

D ™

so the correction for the bias can be made as

p=p(1—30)"

Bias by the approximate EM

Estimated correlation

1 2 3
Proportion missing

o

(a) Absolute bias
Bias by the approximate EM

estimate/rho

0 1 2 3
Proportion missing
rho=0.1 — — — rho=0.3
......... rho=0.5 rho=0.7

(b) Relative bias

Figure 3.1: plim piy.apm from the approximate EM algorithm.

(3.86)

(3.87)
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Finally, the estimating equation for o2 is

B oln L T 1 9 9
= ot =303 " 27|17 )2t n)
0" (= 1)+ (yr — ) =20 > (W — 1) (Ye1 — 12) (3.88)
tel*
or
) 1 ~2 2
OcimabM — 7 [(1 + Dimabm) Z(Z/t — )

tel

— Pt (1 = 1)° + (Y = 11)*)) = 2bimcaent Y (U — 1) (em1 — )| (3.89)

tel*

The probability limit of this estimate is

. o o’ o o’
mmwfzﬂ+pmmﬁmmﬂl—ﬂlf&—QMMWmﬁMﬂ—Qngﬁ (3.90)

so even if p is estimated consistently,

0

— 2
which gives the right answer only for p?> = 1/3. The remedy may be found by noting
that the term in the curly brackets of (3.80]) divided by T gives a consistent estimate

of o2 provided that p can be consistently estimated by some p, too:

plimo?, . =0 [(1 —v)+ 21/1 (3.91)

~ 1 . R . JEVT
2= {0 A Y-+ (1 )T
tel 1=p
3 ) . _po22wT
—25> (e — ) (y1 — 1) — 27 1 } =
tel* P
= {(1 +7°) Z(yt — ) =2p Z(yt — ) (Y1 — ﬂ)}/
tel tel*
1 — 372
T{l—y ,i} (3.92)
1—p
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So the estimate of o2 is better obtained from the (generalized) residual sum of

squares () rather than from the maximization procedure itself.

That said, we need to come up with the way of correcting bias in the estimation of
the correlation coefficient. Let us look back at (3.84]) and rewrite it as

2 plim pim:apm o
B o =(1- 1 im:a — 3.93
T plin 7 (T PI Amaat =7) (3.93)

Integrating the left hand side, we get

2p B 1 1—p?
—1//[<1_p2)2—|—,0]dp— v +v (3.94)

Thus, if the “penalty” term

1 1—p?
P(p) = yT[l s (3.95)

is added to the likelihood (3.80)), then the following procedure will yield consistent

estimates:

Penalized approximate ECM algorithm.:

1. Initialize the estimates in some reasonable way (say u(? = g, p® =0, 062(0) = s?)

2. Update u¥) by (3.81])

3. Update p¥) by maximizing In i(G;y) + P(p) from (3.80) and (3.95) conditional

on p@, g2t

4. Update af(j) by 1)

5. j « 7+ 1, iterate steps 2-4 until convergence

i—1 . o
=1 by numerical maximization

3.7 Conclusion

Let us summarize the main results of this chapter. We have derived the maximum
likelihood estimates for the AR(1) process with missing data, and demonstrated that
the (exact) EM algorithm produces the same estimating equations as those implied by
the MLE.
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The approximate EM algorithm where the unconditional expectations are taken at
the E step faced problems. The estimation of the mean parameter i does not pose
any specific concerns, as even such simple estimator as the sample mean is going to be
unbiased and consistent no matter what the correlation structure is. The estimation
of the overall variance parameter o2 can also be performed consistently from the gen-
eralized sum of squares rather than from the likelihood maximization procedure given
that a consistent estimate of the correlation structure can be found.

The estimation of the correlation structure parameter p from the basic approximate
EM is the most difficult part, as neglection of the correlation structure is the main loss
of information incurred by using the approximation in the approximate EM algorithm.
Generally, it leads to an inconsistent estimate in non-trivial cases when the correlation
is not zero and the proportion of missing data is not zero. This inconsistency can be
corrected in a number of ways. First, a penalty term can be added to the likelihood
to compensate for the bias, and the resulting procedure gives consistent estimates of
p. Second, a simple correction for the proportion of missing data can be performed
that would make the estimate approximately consistent. Both of those ways require
knowing the data generating process, and being able to derive the properties of the
estimating equations for the approximate EM algorithm. Neither of the corrections,
however, is intuitive enough to lend itself easily for the spatio-temporal process we are
most interested in.

A number of other possible implications for the spatio-temporal processes may be
put further. First, the (exact) EM algorithm that involves kriging is equivalent to the
maximum likelihood, so depending on the availability and versatility of the general
maximization routine in someone’s favorite software and kriging procedures, either
method can be chosen.

Second, the approximate EM algorithm, although easier to implement, needs at-
tention, at least in the estimation of the parameters affecting the correlation structure.
Most likely, it needs to be supplemented with correction terms whose structure needs to
be derived analytically. The need for and availability of such corrections in the context

of dissociated processes is the topic of Chaper [5]



Chapter 4

Application to the spatio-temporal

modelling

This chapter applies the EM algorithm and its modifications discussed in Chapter
to the EPA data set on the particulate matter. It is based on Smith et al. (2003) and
earlier drafts of it. The substantive output of the paper are the maps of the estimated
and kriged PMs 5 concentrations for the states of Georgia, North Carolina, and South
Carolina that showed that all of them are at risk of violating the new EPA standard
on PMys.

Section [4.1]describes interest in the particulate matter, the main measurement issues
and the EPA standards. Section[4.2]describes the data and poses the research questions.
Section presents the semiparametric model that accounts for trends in space and
time, as well as for the residual spatial covariance. Then Section briefly reviews the
EM algorithm, and shows how it can be applied in our setting. Section presents the
estimation results and discusses kriging to obtain maps of the PMs 5 concentrations,
and Section concludes

4.1 Particulate matter

Airborne particulate matter has become an important topic of epidemiological and
environmental studies in the last decade when it was understood that particulate mat-
ter is an important determinant of deaths, especially in the elderly, even though the
biological mechanisms of its effect are not quite clear yet. The United States Envi-
ronmental Protection Agency regulates the admissible levels of PM;q and PM, 5, the

indicators of the concentration of the particulate matter of sizes 10 and 2.5 um, re-
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spectivelyE]. The federal standard for PMsy 5, the particulate matter size studied in
this paper, was introduced in 1997. The long term exposure part states that the 3-
year average of annual arithmetic mean PMs 5 concentrations from single or multiple
community-oriented monitors should not exceed 15ug/m3. The extreme exposure part
states that the 3-year average of the 98-th percentile of 24-hour PMs 5 concentrations
at each population-oriented monitor within an area should not exceed 65ug/m? (EPA
(1997b)). (EPA 1997b). The standard had a thorny path towards its implementation.
It was immediately rebutted by the industrial lobby, and in May 1999, a panel of the
U.S. Court of Appeals for the D.C. Circuit, in a split decision, held that the Clean Air
Act was unconstitutional as an improper delegation of legislative authority to EPA.
The EPA appealed the decision to the U.S. Supreme Court, and in February 2001, the
latter upheld EPAs authority to set national air quality standards. In March 2002, fol-
lowing the Supreme Court decision on the constitutional issues, the Court of Appeals
rejected all remaining challenges to the 1997 standards.

The EPA has also outlined a number of research topics related to the particulate
matter, and one of the statistical questions raised is, “Can spatial interpolation methods
provide more accurate estimates of individual exposures to particulate air pollution?”
(Cox 2000).

A further step can be made to incorporate the temporal dimension of the data,
especially as long as this is the natural way data comes from monitoring stations. We
show that the data can be thought of as independent over time, and propose to refer
to this type of data as dissociated models. Mathematically, they have a lot in common
with repeated measurement / panel data, but in the latter, the important correlations
are over time within the same unit, while in our application, the important correlations

are those in space across units, while the time correlations are negligible.

4.2 The data

The data used in this research are a part of the EPA data set for 1999 on the monitors of
particulate mattelﬂ The total number of continental US monitors in the data set is 780.
The measured variable is the concentration of the particles with aerodynamic diameter

less than 2.5 microns (PMy5). The observation frequencies generally vary from site to

I The definition of the PM, 5 is the particle size at which 50 per cent of the particles of this size
(aerodynamic diameter) are collected by the monitoring device (Cox 2000).
2The data were provided by David Holland of EPA.
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site. The majority of sites have observations recorded once in three days; there are
some that have daily records, and there are some that only have a few observations
for the whole period. The characteristics of the monitor itself include the geographic
position (latitude and longitude), the area type as a combination of two categorical
factors, urbanization (rural, urban, suburban) and land use (agricultural, industrial,
commercial, residential, forest)ﬂ altitude of the monitor, the testing method, and some
other technical information.

We only used a fraction of this rich data set related to North Carolina, South
Carolina, and Georgia. There were 74 monitors across those states (23 in Georgia, 31
in North Carolina, 20 in South Carolina). The map of the monitors is given on Fig. .
Heavily populated metropolitan areas of Atlanta and Charlotte have clusters of closely
located observations sites. No data are available for Georgia in the fourth quarter of
the year. The data were further aggregated into weekly averages to reduce temporal
autocorrelation and reduce the fraction of the missing data. Some biases might have
been introduced at this stage due to the day of the week effectf]

We ended up with 2613 observations. The proportion of missing data is rather high
at 27.9%: compare the above figure with 74 x 49 = 3626 observations that should be

in the complete data set.

4.3 The spatio-temporal model

There are several components of the spatio-temporal model in Smith et al. (2003).
Some of them are also similar to the approach in Holland, De Oliveira, Cox & Smith
(2000).

The Box-Cox transformation (Box & Cox 1964) was used to combat skewness of
the original data and stabilize variance. The chosen transform was the square root of
the original data based on an exploratory analysis of the variance trends.

The mean of the spatio-temporal process at each station was modelled as a general-
ized additive model (Hastie & Tibshirani 1990) with components representing the time
trend, the spatial trend, and the land use (individual characteristic of the monitor). The

time trend was initially modelled by the B-splines (Green & Silverman 1994), which is

3 Some cells are empty: there are no combinations of forest and urban or suburban, as well as
agricultural and urban.

4 The PM,_5 concentrations are generally lower on the weekends when there is not as much industrial
activity and traffic as during the business days, so if the weekends were under- or overrepresented in
a given week, then the weekly average would be biased up- or downwards.
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an expansion of a flexible spline function through piecewise cubic basis functions, with
the coefficients of those functions that can be estimated by OLS or maximum likelihood
in more general GAM context. The between week variability was found to be so high
that the best fit was provided by the saturated model with weekly dummy variables.
One can also think of this as a saturated model with 49 B-spline basis function, by
the number of the weeks available in the data. The time trend picked the effect of
hurricane Floyd that had a devastating effect on North Carolina in September 1999. It
showed up as a sharp twofold increase of the PM, 5 concentrations that subsided about
six weeks later. This natural experiment gives a rough estimate of the relative scope
of natural and anthropogenic particulate matter processes.

The space trend was also estimated in a semiparametric fashion with the bivariate
splines that allow expansion by the thin plate spline basis (Green & Silverman 1994).
In both of those expansions, the smoothness of the spline is controlled by the number
of knots, or spline centers. The number and location of nodes for the spatial trend
J required certain decision making. Holland et al. (2000) use k-means clustering to
reduce the number of nodes and analyze the data by region. Smith et al. (2003)

use clustering to reduce the number of nodes and thus control the smoothness of the

Figure 4.1: Monitor locations in the data set.
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spatial trend. From the models with J = 10,20, 30,40, 50, the model with J = 20
was chosen according to the information criteria as compromise between AIC and BIC
(Akaike 1973, Schwarz 1978). Finally, the last component of the generalized additive
model was the set of indicators of the land use, the four dummies corresponding to the
agricultural, commercial, forest, and industrial vicinity of the monitor, with the base

category of the residential land use. Those variables are highly jointly significant.

Smith et al. (2003) then proceeded to the analysis of temporal and spatial correla-
tions. Due to averaging of the observations over a week period, the temporal correla-

tions were found to be insignificant.

The spatial distance between two sites was defined as the geodesic distance, or the
length of great-circle arc (the shortest route between the two points on the sphere).

The spatial correlations were found to be non-stationary as evidenced by the increasing
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Figure 4.2: Empirical variograms for residuals after fitting the time trend, spatial trend,
and type effects. All data are combined, and there are separate plots by state and by
season: (a) without standardizing variances and (b) after standardizing the sample
variance of residuals at each station to be 1. Fig. 5 of Smith et. al. (2003).
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variogram that does not flat off at any finite sill (Fig. c.f. Fig. . No substantial
differences were found across the variograms for different states (NC, SC, GA) or across
different time periods (length of 12 weeks). Thus in the maximum likelihood estimation,

a non-stationary variogram for an intrinsically stationary process was chosen:

0, h=0
k) = { a(fy + k%), h>0 (41)

It shows the nugget effect #,, the overall variance scaling constant o and the shape

parameter 0 < 0y < 2.

4.4 Estimation

Overall, the resulting generalized additive model looks like

Vit = ge(t) + gs(si) + 27 Puse + €1t = xS + €t (4.2)

where ¢(-) and gs(-) are the temporal and spatial trends, that are in turn can be
represented as a sum of basis function with some coefficients. The generalized additive
model parameters can be stacked into (3, and all of the design (splines and land use)
variables can be stacked into x. If the additional assumption that the errors €; follow
a suitable multivariate normal distribution is made, then the model can be estimated

by maximum likelihood or equivalent procedures (exact EM algorithm).

An additional complication arises since the spatial process €; was found to be non-
stationary. As was mentioned in Section [2.1.3] the linear combinations that have finite

variances are the contrasts. Smith et al. (2003) subtracted the weekly average

1
t ntzyt (4.3)

1€Ts

Ny

where Z; is the set of observations made at time ¢, |Z;| = n;. That way, the time trend
was essentially taken out of the model, as the quantity subtracted corresponds to the

individual week effect.

Even with the presence of missing data, the likelihood for the vector of observations

y; taken at time ¢t can be written down as
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[(Blye) = (2m) ™*[S0(0)] %

eXp [_%(yt - ftﬁt)zt(g)_l(yt - wiﬁt)} (4.4)

where the subindex ¢ indicates that observations from different sites are available at
different points in time, so the dimensions n; of the measured PMs 5 concentration ;,
the explanatory variables x;, the vector of coefficients 3;, and the covariance matrix
¥,(0) are changing from one week to another, according to the number of available sites
n;. The overall likelihood can be obtained as a product of likelihoods of the form (4.4))
once independence over time is assumed (and eventually tested).

The direct likelihood maximization thus involves identifying 7" matrices ¥;(0), ex-
tracting them from the “master” matrix (), inverting them and computing their
determinants. The latter two stages can be combined by the means of Cholesky de-
composition. Computing many determinants and the inverse matrices is likely to be
time consuming, as either of them is an O(k®) operation, where k is the dimension
of the matrix, so other alternatives might be sought. One such alternative is the EM
algorithm (see Section as well as Dempster et al. (1977), Little & Rubin (2002)
and McLachlan & Krishnan (1997)).

Apparently, only the response variable is missing, which is the measurement of the
PM, 5 concentrations, pug/m3. All the design variables are observed perfectly. In using
the EM algorithm, we implicitly assume that the data are missing at random. This
assumption would be violated if an observation is not registered when the observed
value is too high or too low, which may be the case if the measurements were outside
the measurement range of a monitor.

For the version of the algorithm we used, the maximization step was split into two
steps each maximizing the likelihood over a partition of the parameter space. This is
known as the expectation-conditional maximization, or ECM, algorithm. It possesses
the generic convergence properties of the EM-algorithm, too. At the first stage, the
log likelihood was maximized over the covariance matrix parameters subspace (0, s,
a of (4.1])) with fixed values of the additive model parameters 3. Then at the second
stage of the M step, a GLS regression model was estimated with the current covariance
matrix estimate thus optimizing over the regression parameters subspace.

As in many implementations of the E-step where a sufficient statistic can be found,

we computed the expectation of the ), ee; where e, is the vector of the complete-
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data residuals, conditional on the observed values of the variables involved, and on the
current parameter values. In particular, at the h-th iteration, the E-step predicted the
fitted values for the GLS regression, and calculated the current step EM predictions of
the Y’s and the residuals.

~ Yos, Y is non-missin
Yeum pit = { ’ & (4.5)

x A(GhL)S, Y is missing
Then the residuals é; = Ygu fit — Béth)s were extracted, and their approximate con-

ditional expectation was computed:

(4.6)

fee { €it€jt, Yit, Y are both non-missing
itCjt =

0;j(0), at least one of Yj;, Y, is missing

where 0;;(0) is the 4, j-th entry of the spatial covariance matrix 3(6) evaluated at the
current values of the parameters.

This is an approximate version of the EM algorithm. In computing the conditional
expectations of the missing data, we only use the GAM parameters, and ignore the
variance parameters. In computing the second moments of the missing data, we only
use the variance parameter estimates, but not the available data. As discussed in
Chapters [l and [3], the exact implementation of the EM algorithm would require kriging
to use all of the available information, and thus we would have to go back to inverting
many matrices ;() losing all potential computational efficiency gains.

The process iterated until convergence: the approximate conditional expectation of
the sufficient statistic ee’ is calculated, where the current estimates of the covariances
are used when the residuals (or Y’s) are missing; the maximization over the variance
parameter subspace is performed; GLS regression is run, and so on. The estimation
procedure was coded in Stata software (Stata Corp. 2001, Kolenikov 2001) and in
Fortran.

The starting values of the parameters for the algorithm are the available case OLS
regression results for the regression part of the parameter vector, and some “reasonable”

guesses for the covariance part.

4.5 Results

Smith et al. (2003) performed the estimation based on both the approximate EM al-
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Table 4.1: Comparison of the approximate EM and ML estimates.

Method 0, 0, o
MLE
Point estimate | 2.06 0.92  0.061
Standard error | 0.35 0.097 0.0017
EM
Point estimate | 2.13  0.92  0.049
Standard error | 0.29 0.083 0.0012
Corrected s.e. | 0.35 0.098 0.0019

gorithm and full likelihood maximization. The comparison of the results is given in
Table [4.1] The nugget and shape parameters are estimated quite well by the approxi-
mate EM algorithm, while the variance parameter is underestimated. This is in rough
correspondence with the results in Chapter [3|that showed biases in parameter estimates
by the (uncorrected) approximate EM algorithm.

The EM algorithm per se does not give the standard errors, but as far as the
parameters of the trend and of the variance subspace are independent in the normal
model, the estimates that were coming from maximization of Q(+|-) in the M-step of the
approximate EM algorithm should give some idea of the sampling variability. Somewhat
better standard errors are obtained from the following argument. The information

contained in the full data can be thought of as

Icomplete = Iobserved T Imissing (4'7)

If the matrices are proportional to each other (which would be true if the missing data
process is MCAR, and is used here only an assumption to derive a working approxima-
tion), then

(1- V)Icomplete = Lobserved (4.8)
Hence, the information is overestimated by a factor of 1 — v = 0.721, and the standard
errors should be multiplied by 1/4/0.721 to correct for the missing information. Those
are reported in the last line of Table and show surprisingly good correspondence to

the errors obtained from the maximum likelihood.

After the parameters of the complete model (4.2) were estimated, Smith et al. (2003)
proceed to kriging of the spatial field for different points in time, and for the average

over the year.
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As is readily seen, the universal kriging formula ([2.9) is equivalent to the following:

Jo=a5B+7"5"e (4.9)

~

where 7o is the best linear prediction at the point characterized by the regressors xg;
is the GLS estimate of the regression coefficient of the process Y = X3 +v, Covr = X,
so that x%ﬁ is the linear fit, or the trend term, from the model; 7 is the vector of cross-
covariances between the observed values of the field Y and the unobserved yq given by
the spatial model; and e is the residuals of the process from the fitted linear regression:
e=Y — X§.

The universal kriging prediction fully incorporates the available information on the
parameters estimates. We only used the first term of in the prediction of the
missing data in the E-step because otherwise we would end up with different size
matrix inversion operations that we tried to avoid by using the approximate version of
the EM-algorithm.

To implement kriging following the ML (or EM) estimation, the estimates B, 3 ob-
tained at the last iteration can be used. It should be justly mentioned that the predicted
variances in this case will understate the true variability as long as the parameters of
the variogram are treated as fixed rather than as estimated.

As far as the only time-varying part of the model is the time trend, the estimated
fields at different points in time differ by the overall shift, plus residual fluctuations. We
added back the week effects once the spatial prediction by kriging was obtained.
Also, the choice of a single land use variable had to be made for the GAM part of ,
and Smith et al. (2003) used residential areas since this is where people tend to spend
most of their time thus receiving the major part of their PMs 5 exposure. It should be
noted that only sites with commercial land use had higher average estimated levels of

PM, 5. The resulting maps are shown on Fig. 4.3

4.6 Conclusions

The paper Smith et al. (2003) has proposed and exemplified the use of likelihood based
methods in the presence of missing data in the generalized additive model framework,
with trends accounting for (most of the) variation in space and time, as well as across
the sites in different area types. The estimation of the parameters is done through a

version of the EM-algorithm to correct for missing data in the longitudinal data sets.
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The procedure helped to use a large fraction of data even though the monitoring sta-
tions reported the data infrequently. The spatial field was found to be non-stationary.
Kriging identified the problematic areas of Charlotte and Atlanta, and also demon-
strated the effects of hurricane Floyd that swept through South-Eastern United States
in September 1999.

The substantive results imply that the three analyzed states (Carolinas and Georgia)
are in danger of violating the federal standard on PMs 5, except for the coastal areas, and
Appalachians. This suggests the anthropogenic origins of the PMy 5. (This statement
might be attenuated by the fact that the monitors might have been located in the
“problematic” areas that are known to have polluted air, so that the design of the

monitoring network is biased toward higher PM, 5 concentrations.)

(a) (b)

(© (d)

10 15 20

Figure 4.3: Plots of the predicted surface for PMy 5 (Fig. 6 of Smith et. al. (2003).
(a) Predicted surface for week 33. (b) Estimated prediction standard error for week
33. (c) Predicted surface for average of weeks 1-49. (d) Estimated prediction standard
error for average of weeks 1-49.
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Chapter 5

Dissociated processes

In this chapter, we shall consider dissociated processes where spatially correlated mea-
surement are taken at multiple points in time, and observations are assumed to be
independent over time. The derivations are carried out in the most general form using
matrix formulations, and a number of matrix formalisms are necessary. Section
introduces incidence matrices that describe the patterns of observed and missing data.
Section [5.2] deals with the MLE estimation. Section introduces the approximate EM
algorithm formulas and deals with the biases in the estimating equations. Corrections
restoring unbiasedness of the estimating equations are proposed in Sections[5.3.5H5.3.7]
The following two sections deal with the derivatives and variances of the estimating
equations, and the next two sections use those as inputs to establish consistency (Sec-
tion and asymptotic normality of the estimates (Section . The derivatives and
variances then become the components of the information sandwich estimator of the

asymptotic covariance matrix of the estimates. Section summarizes the results.

Several Appendices are also used in the derivations of this chapter. Appendix [A]
introduces matrix calculus, defines matrix differentials and provides differentials of the
most important matrix functions. These results are used in deriving the estimating
equations of the approximate EM algorithm and in establishing their asymptotic prop-
erties. Appendix [B] gives main results on Kronecker products. Appendix [C] deals with
the expected values of matrix functions in the presence of missing data, or, in other
words, when some rows and corresponding columns of matrices are missing. Appen-
dix [D] deals with the general results on convergence of the estimates implied by a set of
estimating equations, and is used to demonstrate consistency and asymptotic normality

of the estimates.
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5.1 Incidence matrices

Suppose the complete data Y, ..., YS are iid. N(u,>) where both g and ¥ may
depend on some parameters and/or covariates. Two interpretations we might want to
keep in mind are that (i) for each i = 1,..., N, the Y is the set of measurements
coming from environmental monitors, with ¥ describing their spatial correlation, or
that (ii) the Y,*’s are the measurement of indicators in a social science data set for a
specific individual linked through a latent variable or a factor model. The observed data
are Y°, ..., Yy where for each i, Y,? is a subvector of Y. Let us assume for simplicity

that the data are MCAR (see Section [2.2)):
Pr[Yjy is missing|Y, X, 0] = v (5.1)

independently from other missing data. The MCAR assumption may or may not be
justifiable in different settings. In the environmental statistics setting, this assumption
will be violated if the monitors fail to record certain values of the pollutant concentra-
tions (excessively high or excessively low, for instance), or if monitors in a certain area
tend to report or not to report the data together. In the social science examples, the
MCAR assumption is likely to be violated for sensitive questions. If a respondent is
ashamed of their too low income, or is protective about their high income, then such a

person may choose not to report their income.

Define the incidence matrices P; and M; (present in instance i and missing in that
instance) as following. If there are d;, observed sites and d;,, missing ones, so that
d=d;m+d;, =dimY, the matrix F; is of dimensions d;, X d, and consists of rows
er =(0,...,0,1,0,...,0) of length d with 1 in k-th position, where k runs through the

indices of available cases. That way,
Y7 = PY? ~ N(Pys, PEPY) (52)

where the entries of Y,° are arranged in the same order as those of Y;°, with the missing

values taken out.

Likewise, the matrix M; is a d;,, X d with unit rows corresponding to the missing
cases, and
Y™ = MY ~ N(Mp, M;X M) (5.3)
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The complete data vector can be reconstructed as
Ye=PIY?+ MY" (5.4)

It may be noted that PP = I, and M;M] = I,, . Matrices D; = PP, and
E; = M! M, are idempotent matrices of size d and ranks d;, and d;,,, respectively,
with ones on the diagonal and zeroes off-diagonal. If no data are missing, P; = I, and
M; is not defined.

The likelihood of the complete data for i-th observation is then

1
IF= —g In27 — %ln |X(0)] — 5 tr [Z_l(Y;C — (Y — ,u)T} (5.5)

(2

and the likelihood of the observed portion is

di,o
=

1 1
2w — S| REEO)P| - S| (REP) (V7 = P (¥e = Pp)"| - (5.6)
The likelihood of all observations, under the assumption of independence over i, is
1 al =
o\ __ T
19, Y?) = —51n 2w;di,o -5 ;m |Px(0) P | —
L N
—5 (PEPT) (Y2 = Pp)(Y = Pp)" | (5.7)
i=1
Suppose we could rearrange the entries of Y,° so that the missing entries come first:

Y = (Y™, Y?), with dimensions d = d;,, + d, ,, respectively. If that were the missing
data pattern, the matrices P; and M; would be blocks of the identity matrix:

I, = <A;> (5.8)

With the vector p split into 1", pf and the covariance matrix and its inverse blocked

Ei mm Ez mo -1 Z;nm E;‘no
E e ’ ’ 5 E - ) (59)
2i,om 2i,oo E?m Zfo

the contribution to the likelihood of the full data vector in i-th observation is

accordingly,

d
I —

= —Siman — C[SE)| - su[S - w0 -wT] (5.0)
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and the likelihood of the observed part is

d 1 1
b= =2 mr — S In[Si0(60)] — 5 0 [SIL(E — ) (V7 - )] (5.11)

For the exact EM algorithm (equivalent to the maximum likelihood, by the general
EM theory), one would need to compute the expected values of the sufficient statistics
of the missing data. In the normal case, sufficient statistics are the first two moments
of the data. Computing the required conditional expectations of the missing data given
the observed data and parameters is exactly the kriging problem: treating the model

parameters as fixed, find means, variances and covariances at unobserved locations.

For the approximate EM algorithm that uses marginal expected values in place of
conditional ones, if Yj; is missing, then the conditional approximate expected values

are

EYi = 1§ + okk, EYaYa = pinpu + o (5.12)

Then the approximate conditional expectation in the approximate likelihood is

B[ = w7 = w)7] = (im: (Y7 - f)(n;/ - M’)T> (513

and further

~ 2 e Zz ,mm Ez ,MO
STE[(Y - -] = ( o ) ( Ve ) ) =

Elqm Z?O 21 ,om - Mz
;'nm szo Zi,mm z IO
- (2;”” 25-”) (&m (Y2 — Pun)(Y, )
Ul 805 mo + X2°(Y? — Pip)(

— Idl:m UZ —
N Ul la,, = B8 00 + XY — Pip) (Y — — Pip)”

I, U;
— | i (5.14)
UZT ‘[di,o + ZfoRi

EfL‘)mzi,mo + EfL‘)Ozi,oo - ]d-

7,0

since

(5.15)
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by the block inverse formulae (|3.25));

Ri = (YO - Pl#) (YO - Plu’)T - Zi,oo (516)

2 2

is the matrix residual;
Ui = X" mo + Ei,mO(Y;O - PZ/‘)(Y;O - R‘M)T

is a matrix that can be safely disregarded, as long as the likelihood depends on the

trace of ((5.14]) through

tr{ SR - (v = )]} = d o+ e[ = Pu) (Y - Pan)” = Tl } (5.17)

Thus, the approximate likelihood for the i-th observation from the approximate
EM-algorithm is

~ d 1 1
b= —5(n2r+1) = I [S(0)| - 5 tr{zgo[mo ~ Pp)(Y? — Pp)T - zz,oo]} (5.18)
The full matrix ¥(6) need to be inverted only once, and if spectral methods (or Cholesky
decomposition) are used, then the determinant can also be obtained as the product of

eigenvalues (or diagonal entries of the Cholesky decomposition matrices).

Other computational considerations should be kept in mind for the matrices P;
and M;. Storing the matrices “as is” is a very memory inefficient solution, as they
are very sparse, and are of very well defined structure. A more efficient storage and
handling solution might be to store vectors of indices k£ from the definition of those
matrices on page [60, and have user-defined subroutines for multiplication operations.
The multiplications of the form PA or APT for an arbitrary matrix A are submatrix
extraction operations, and multiplications P” A or AP are insertion of rows and columns

of zeroes.

In a general case of an arbitrary pattern of missing data with no rearrangement of

observations (and hence rows/columns of ), the approximate likelihood is given by a

generalization of (5.18]):

s d 1 1 -1pT
l; = —§ln27re — §ln 1%(0)] - 5“{3’2 I Ri} (5.19)
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where now the matrix residual is
Ry = (Y7 = Py (¥ = Pp)" — PXP! (5.20)

and for all observations, assuming independence over 1,

- dN N
1(0,Y°) = —711127'('6 — —1n|2( )|—
1 N
—5 S u{ PRIV - Py (¥ — Pn)” — PXP (5.21)
=1

5.2 Estimating equations: maximum likelihood

Let us rewrite the observed data likelihood ((5.7)), allowing x to change from location to
location according to a regression p; = X;3 where X is d X p matrix of design variables
corresponding to the site i, and 3 are regression coefficients. The likelihood of the

observed data, under the assumption of independence over i, is
1 al 1 o
o\ __ . - A T -
10,Y°) = —§ln 27 El dio 5 El In|PX(0)P |

S u[eEr) v - PXA)Y - PXH)T] (5.22)

i=1

5.2.1 The differential of the log likelihood

Let us derive the estimating equations for the coefficient estimates by using matrix
calculus. The differential notation (d) and the main matrix calculus results that are

necessary in those derivations are introduced in Appendix [A]

Lemma 5.1.

1(6,Y°) = Ztr{ (PSP P, [{d SYPH(PYPT) 'R, — 2X,{dB}H(YY Pz'Xiﬁ)T]}

(5.23)

Proof. We shall take the differentials of the terms in the likelihood sequentially.
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N

N N
¢ (P3P =Y d|Repl| =Y w{ (PPl d[PEE] ) (524)
=1 =1

i=1

tr| (REPI) 7YY~ PXB(YY - PXB)T | =

'Fﬁz

-
I
_.

trd[(PEPT)7 (V7 = PXB)(Y — PXB)T] =

I
\MZ

@
Il
i

Mz

[d{ (PEPT) Y (Ve — PXB)(Y? — PX.B) T+
1
+(PXP)THA(Y? - PXiB) (Y — PX:8)T+

H(PEPT) (Y = PXO){d(YV? — PXH)TH| =

.
Il

N
= > tr[~(REP) T RIS} P (PEPT) (Y — PXB)(Y = RXiB) ~

=1
~2PEPT) RX{d BHYY — PXiB)" | (5.25)

Hence, combining ((5.24)) and (| -,
N
—2d1(0,Y°) =Y _tr[(REP]) ' P{dS}P |+
i=1

* Z tr| ~(PEPT) ™ P{AT}P] (PEPI) (Y = PXB)(Y! - PX.6)

~2APEP!) T RXAdBHYY - PXB)" | = Ztr{ (PEP!) P {d S} P! x
%L, = (RPN \Y? = BXA)(YS = PXiO)] = 2X,{d B}V = BX:)'| | =

> itr{mwwa [{aS}PT(PEPT) ™ Ry — 2X4dB}Y7 - RX.B)T] | (5.26)

i=1

where we had to redefine the matrix residual R; once again:

R; = (Y — PX,0)(Y? — PXif)" — PEP! (5.27)
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5.2.2 dX for geostatistical models

In general, d¥ is a matrix that has a quite involved structure. Let the covariance

structure of the spatial process be described by a typical sill and nugget structure (see

Sec. 2.1.3):

1 k=1
Cov[ze, 7] = { @ H#) (5.28)
ap(p k,1), k#1
where « is the overall variance parameter, so that
(o, k) = aC(k, @), (5.29)

K is the nugget effect, and (possibly a vector) ¢ describes the spatial correlation, then

dX(0) =daC(k,¢) + adsly + ZaC’j(go) dy; (5.30)

J

where C;(yp) is the matrix with zero on diagonal, and k, [-th off-diagonal entry equal

to 2plekil)
Opj

multiplying fixed matrices.

. The matrix differential d reduces to combination of scalar differentials d

Let us give some examples.

For the exponential-power variogram,
YZ (i), Z(31)] = ok + 1 — ¢~ /07 (5.31)

where

tp = ||Z(Sk) — Z(Sl)H >0 (532)

is the distance between sites k and [. The two components of vector ¢ are the range R

and the shape p parameters. The spatial correlation is then
plp, k1) = e WEP = | Z(sk) — Z(s1)|| >0 (5.33)

and the derivatives are

O _ Py _ump

@ B R:HH6 N ’ (5‘34)
dp tkl>p —(twt/R)sP .. LRl
L= (= ' ln = 5.35
dp (R c "R (5:35)
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so that the two matrices Cy, Cy consists of off-diagonal entries given by ([5.34) and
(5.35)), respectively:

Clkl = %e_(t“/ﬁ')p k#1 (5.36)
) Rerl ) ) .
tri\P p. 1
Cokl = (%) e~ /R 1 %, k#1, (5.37)
Cigk = Copk = 0 (5.38)

For the spherical variogram,

vw@@Z@ﬂ:aoﬁg%_%(%)

>, 0<t=|Z(s)—Z(s)|| <R (5.39)

the spatial correlation is

3t 1 (tw’
and the derivative is given by
dp . 3tkl 315%1
ait = (o~ ) HO < tu < B}, (5.41)

For non-stationary process, like those defined by the power law
Y[Z(sk), Z(s1)] = ok + 1) (5.42)

the function p cannot be interpreted as spatial correlation. Non-stationary variograms
have to be analyzed using generalized covariances, i.e., covariances of the linear combi-
nations such as contrasts, rather than the original observations; or through the use of

restricted maximum likelihood, or REML (Zimmerman 1989).
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5.2.3 Estimating equations

Using ((5.23)), we can derive the estimating equations for the MLE:

o N
3[(9, Y ) - _ Ztr[(PiEPiT)_l(Y;O _ PzXzﬁ)XZPZT], (5‘43)
01 i=1
o N
az(g,ay - %Ztr[(HZBT)_lﬂc (k, ) P (BZPI) ™' Ry], (5.44)
o N
(9l<987 Y ) — % Ztr[(PZEPiT)*lpiapiT(PiEPiT)flRi] ’ (5'45)
w i=1
o N
al(g’ = %th[(ﬂzpf)IHOéCj(sO)RT(BEPiT)lRi] (5.46)
P —

Equation ((5.43) gives GLS estimators for (;:

N
0= t[(RSPI) (Y7 — PX5)XLP] =

i=1

= Ztr [(XLPI(PREPD) (VP — PXiB)] =

Z XEPI(BEPT)H(Y? — PXB),

N
0=> X/'PNPIP)' (Y - PXB),
=1
R N N
B= [Z x7 J%TmzaT)-lBXi] > X PI(PEPT) 'Yy (5.47)
=1 =1

Note that the cross-derivatives of the likelihood with respect to trend parameters 3

and spatial covariance parameters «, x, ¢ have zero expected values. E.g.,

21(0,Y°) 9 alh,Y® 0 <« e
(0.Y°) 9 0l >:_£Ztr[(HZPZ-T) (Y = PXB)XPT] =
=1

oB;0a  Oa 0B,
N
= =) w[(BEP)'RC(r, ) PN (PEP) T PXy (Y = PXS)'],

i=1
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821(0,Y°)
e

N
==Y w{(BEP") ' PC(k, ¢) P (PEP) ' PX, By [V — BX,8)"} =0 (5.48)
i=1
since Ey (Y, — P,X;) = 0, and all other terms are constant matrices. (Ey is a notation
for the expectation over distribution of Y; the total expectation is to be combined with
the expectation over the structure of the missing data which will be denoted by Es.) All
other cross-derivatives have similar structure with the regression residual multiplying
a term that only depends on the structure of the missing data. Hence, the information
matrix entries between # and any of the spatial covariance parameters are zero. The
information matrix is block-diagonal, and the parameter estimates of § are independent
of the estimates of (jointly) «, x and ¢. This is a quite general result of independence
of the mean and variance parameters of the normal distribution that has also been
derived in the geostatistical context by Cressie (1993) and Smith (2003).

The asymptotic variances can be found by taking the expectations of the outer
product of the estimating equations —, or by taking the expected value of
the Hessian matrix, i.e., derivatives of the above equations. By the general MLE theory,
the two approaches are equivalent. Smith (2003, pp. 250-251) derives the asymptotic

variance-covariance matrix for the case of complete data.

5.3 Estimating equations:

approximate EM algorithm

5.3.1 The differential of the approximate likelihood

As was shown in ([5.21]), the approximate conditional expectations taken at the E-step
of the EM algorithm imply a particular pseudo-likelihood to be maximized. Let us
derive the differential and the estimating equations for that pseudo-likelihood in the

way similar to one taken in the previous section.
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Lemma 5.2.

N
. 1
di(0,Y°) = 3 Z{— tr[S7{d S} + tr <P,;E‘1{d SIS'PIR, + BY TP

=1

x [2PX{d B} (Y — PXiB)" + Pi{d E}PiTD } (5.49)
Proof.
dIn[S(0)] = tr[5'd¥], (5.50)
N
dtr{ > A RI[( - RXiB)(Y? — RXi8)" — PEP!]} =
=1
N
Z <P{d WYPTR, + Py~ 1PT[ PX,{d 8} (Y7 — P.X.8)T+
+(Y7 = PXB)(-PX;d0) — P{aS}PT]) =
N
Z ( PY{dSYS'PTR, — PY 1P x
x [mxi{d BHY? = PX:B) + P{d )P ) (5.51)
Combining and , the result follows. O]

5.3.2 Regression parameter estimates for the approximate EM

The differential ((5.49)) implies an unbiased estimating equations for 3:

al 0 YO T pT -1 pT o _
o5, ;“@J‘Pﬁ‘ RETFI(Y - PXif)) =
N
= > XLPIPET'PI(Y? - PXP), (5.52)
~ -1
G= (Z X7 DZ-E”DZ-XZ) (Z X7 DZ-E*PZ.TYZ,O) (5.53)

where the matrix under the trace in the first line is a scalar, and D; = PI P; as defined
on page[61] The resulting estimate is a version of weighted least squares estimate with a
weighting matrix P;X "1 P!. The estimate is less efficient than the GLS estimate ((5.47))
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with the appropriate weighting matrix (PZ-EPZ.T)_I, but it is unbiased and consistent.

The argument in the end of the previous section about independence of the para-
meter estimates directly translates here, as well: the cross derivatives of the regression
slopes and covariance parameters have zero expectations. But, unlike the MLE case,
the asymptotic covariance matrix has the information sandwich form (see Appendix@,
so to establish the zero cross-covariances, we would need to have other components of
the sandwich estimator. They are derived later in the chapter.

The asymptotic variance for 3 from (5.53) can be derived by either taking its vari-

ance explicitly, or by using the general sandwich formula (D.26). Computing the vari-
ance directly from ([5.53)), one obtains

~ —1
VB =v|(X XDz o) (Y XIDERIYY)| =
-1 -1
_ (Z X7 DZ»E‘lDZ»XZ) (Z XDy 'S0, D XT ) (Z X7 DiE‘lDin)
(5.54)

where the terms related to V[é] are of smaller order, and thus are ignored.

5.3.3 Estimating equations for spatial covariance parameters

Invoking (5.30]), one can now obtain the estimating equations for the spatial covariance

parameter subspace.

di(6,Y") a
e =iyl

+tr(RYTC(k, )27 B Ry + PYTIPN PC(x, so)R-T)] : (5.55)

ol0,Y°) 1 & B e B
i LAt §a2[—tr2 '+t (RETISPTR + PY T (5.56)

ol(0,Y?)
<_ _ _az[ ()] +
+ tr(ﬂzflcy«o)z*ﬁ& + RY T HOMP?)} , (5.57)

All those equations are biased: even though Ey R_0, the expected value of the RHS



72

is not generally equal to zero.

5.3.4 Bias in the estimating equations

Equation ([5.49)) involves two residuals: the covariance space matrix residual R; and the
regression space residual (Y,° — P, X;3) with zero expectations, but unlike the maximum

likelihood estimating equation, it also has extra terms

B(S,d%) = ) [te(RET' P P{d S} P — tr(S7{d B})] (5.58)

i=1
that generally would lead to bias in estimating equations.

If B(-) could be integrated out as a penalty term, the approximate EM algorithm
would give consistent estimates of the parameters of interest. While the second term,
by its origin, is dIn|X|, there does not seem to be a general expression for the first

term.

Certain heuristic argument can be built for the contribution of B(-) for large N and
data missing completely at random, so that the rows of P;, i = 1,..., N represent (an
ordered version of) a random sample without replacement of rows of I;. By virtue of

results in Appendix [C]
Estr(PET'PTP{dSIP) = (1 —v) tr{S7 ' [(1 —v)d & + vdiagd X } (5.59)

where the expectation E, is taken over the patterns of missing data, or observed samples
s; from the set of all monitors. If the missing data process is MCAR, then for N — oo,

by the law of large numbers,
| N
~ > (P PIP{ASIPT) 5 (1—v){S7' (1 - v)dZ + vdiagd X]}  (5.60)
i=1

where the probability limit is again taken over repeated sampling of sites, assuming

samples are independent for different i’s (which is a part of MCAR assumption).
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5.3.5 Correction for

Let us first derive the correction for the nugget effect. By (C.4)),
1010,Y°) 1a al 1 1y -1 pT —1pTY\| P
——TZ =N |—tr S+ tr(BY'ST' PR + PY P-]
N on N3 2 [ r + 1"( R + f ) —
2, %[_ tre 4 (1 —v)tr 7Y (5.61)

where the limit involving the matrix residuals R; is zero by the LLN under appropriate
regularity conditions, and the limits of other terms are taken with respect to the MCAR
missing data mechanism. The first term in the last expression needs to be attenuated
by 1 — v to make the whole expression equal to zero. As long as this is the differential
of In [3(#)|, then the correction to the estimating procedure that needs to be made is

the following;:

In the approximate ECM, the function that needs to be maximized with

respect to k should be

" N(1—v) 1 &
L(6,Y) = ————In|2(0)] - 5 Ztr{az—lpf&} (5.62)
=1

5.3.6 Correction for the spatial correlation parameters

As shown in (5.30)), the contributions of parameters ¢ responsible for spatial correla-
tions, such as the shape and the range of variogram, to d X have zero elements on the
diagonal, and the relevant result from Appendix |C|is (C.6):

1010, Y°) 11 o« »
N 0p N2“< [—tf[E Ci(p)]+

1=1

(PO (@) PR, + PR P (o) PT)|

- H-uEG0)] + 0 - e[E00)] | (5.63)

where again the limit involving the matrix residuals R; is zero by the LLN, and the
limits of other terms are taken with respect to the MCAR missing data mechanism.
The first term in the last expression needs to be attenuated by (1 — v)? to make the
whole expression equal to zero. As long as this is the differential of In|¥ ()|, then the

correction to the estimating procedure that needs to be made is the following:



4

In the approximate ECM, the function that needs to be maximized with

respect to ¢ should be

N

3 tr{PZ-E_lPZ-TRi} (5.64)

=1

1L,(0,Y°) = —N(lT_V)anIE(@)I -

N | —

5.3.7 Correction for «

Unlike the previous two sets of parameters, the estimating equation for the overall
scale parameter « involves both diagonal and off-diagonal terms as contributions to

d 2. Hence,

1016, Y°) 11 »
N% - N§Z[_ [S7C(k, )] +
+tr(RE Ok, )T PP R+ PP ROk, )P |
R % [~ [= 10, @)] + (1= ) e { S [(1 = ¥)Clk, ) + v diag Clr, 0)] }] =

= % [—a*ld +(1—v)Yatd+ (1= v)v(l + k) tr{a ' C(x, @)*1}} (5.65)

using the definition (5.29)). The first term, which is the derivative of In [3(#)[, needs
to be attenuated by (1 — v)%2. The last term does not seem to fit anything in the

quasi-likelihood, but can be integrated back over a to give
Plo,k, o) = (1 —v)v(1+ k) tr[C(k,¢)"'] Ina (5.66)

Thus the correction for « is given by:

In the approximate ECM, the function that needs to be maximized with

respect to o should be

8 N(1 —v)? 1 1
Loy = MU me) - L Pase) - > u{ s PR

2 i=1
(5.67)

5.3.8 Summary of corrections

Equation (5.60) implies different corrections for different parameters. For the estimat-

ing equations of the nugget effect x, the contribution to d ¥ is al dk, with zeroes off
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diagonal, and the term trX~!1d 3 in (5.58)) needs to be attenuated by 1 — v. For the
estimating equations of the spatial correlations, the contribution to d > has zero di-
agonal, and the RHS becomes (1 — v)? tr[S o 2 Cj(¢)dep;], and thus the suggested
correction would be to multiply tr X7t d X by (1 —v)2. For the estimating equations for
«, the correction involves both multiplying by (1 — v)?, and adding an extra penalty
term. Note again that an important assumption that we had to make to derive those
corrections was the one of the data missing completely at random (MCAR), which also

implies independence over ¢. This may be too strong in reality.

Thus, the overall structure of the approximate EM algorithm will be the following:

1. Start with some initial values (available OLS estimates for regression parame-
ters; some reasonable guesses for the spatial covariance, e.g., the OLS regression
mean squared error for o, 0.1 for x, median distance between sites for the range

parameter, etc.)

2. The E-step: compute E[(Y —=X3)(Y =X3)|Y°, X, 3, o, k, ¢] (involves the observed

data and the marginal predictions o;;(a, k, ¢) for the missing data)

3. The conditional maximization step 1: update the estimate of £ maximizing (|5.62))

w.r.t. K

4. The conditional maximization step 2: update the estimate of ¢ maximizing (|5.64))
w.r.t. ¢

5. The conditional maximization step 3: update the estimate of & maximizing ([5.67))

w.r.t. a
6. The conditional maximization step 4: perform WLS regression ([5.53|)
7. Repeat steps until convergence, properly defined

The above procedure results in the following set of estimating equations, rescaled

by 1/N for convenience.
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N
1
¢B,N(Y, X7 57 9) :N ZZI 1/}5(}/17 Xia 67 9)7
Va(Y;, X, 3,0) =X PT P 'PI(Y? — PX,), (5.68)
N
1
e (Y, X, 8,0) W;mm,&-,ﬁ, ),

bV, X, 5, 6) :% [_(1 )X (PSS PI R + Pz-zflpf)], (5.69)

N
¢SO]’,N<Y7X7/87 Z K;Xzaﬁa )7
=1
Ui, (Y, X, 3,0) = [ (1 =) e[S Ci(p)]+
+ (PS5 (¢ 13TRi+Hz—lgTaoj(¢)PiT)}, (5.70)

¢a,N<Y)X7ﬁ7 0) :% Z¢a(n7 X’i)ﬁ) 8))
=1

Vo (Yi, X5, 5, 0) :%ofl [—(1 —v)?d— (1 —v)v(l +kK)tr [C(l{, go)_l]—i—

+tr(PX PR + PY P PYPT)] (5.71)

5.4 Derivatives of the estimating equations

Let us establish the basic statistical properties of the estimating equations (5.68)—
(5.71). For both consistency and asymptotic normality, the first order derivatives of

those equations will be needed.

Derivatives of 93

The derivatives of the estimating equations for 3 are as follows.

dvs(Y;, Xi, 8,0) = d[ X PTRE'PI(Y? — PX,B)] =
=X/ P'PYXHdS}s ' PI(Y? — PX,8) — X[ P PY ' PIPX{dB} (5.72)
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Hence,

G (Y, X, 5,0) —izNjﬁ Vi, X1, 5,6) =
6BN ) N: 5 iy <Xiy My

1
N S XTPRSTRTRX, (5:73)

D (X508 = L3 D v, X, 5,60)
a/{ B,N ) sy M _Nizl 3/{ B\Liy Aiy My -

N
= & S XIPPRETSTPI(YY - PXO), (5.74)
B 1L 9
_¢ s Y7Xaﬁa0 = 7 _¢ E7X1a67
9 s ( ) N;a% ( 0) =
1 N
=2 X PPy, 0) S P (Y7 — PXS) (5.75)
=1
1N 9
aﬁng(Y X, 5,6) = N;—ﬁw 5(Yi, X, 3,0) =
1 N
= 2o XIPIPYTIPI(Y? — PXip) (5.76)

The expectations of the equations ((5.74)—(5.76) with respect to the distribution Y
are all 0 due to zero expectation of the residual terms Y;° — P, X, (under normality,

or, more generally, under symmetry of Y around its mean):

Ey [%@/JB,N(Y,)QQ,H)} =Ey [%w@]\/(Y,X,ﬁ, 9)] =

0
= Ev | 5-von (Y. X, 3,0)| =0 (5.77)

Derivatives of 1,

For the derivatives of the estimating equations for the covariance parameters, we would

need the following differential:

dRi =d[(Y? — BXiB)(Y? — PX:8)" — PXP] =
= —2(Y — PX;p)dg" X Pl — P{d S} P} (5.78)
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Then the differential of the estimating equation for the nugget effect can be obtained

as follows:

de(Yi, X, 5,0) = d & [—(1 )N 4 tr(PY IS PTR, + R-z—lpf)] _

d;[ (1-v)trX' + (PSS 'P/R; + PY~ IPT)}_’_
+%[(1—I/)tr[§]—1{d2}2_ } +tr( PISH{dSIS 2 + 2 {d S} PI R —

~PY PRIV - BX:#)dF X PL + PSP - PEHaT)s T P)| (5.79)

Then,

0 1N 5
K Y>X7 79:_2 _,{Y;‘,Xi, 79:
1 N
=+ 2ot [XEPTRS P (VY — PXf)] (5.80)
i=1

N
[GﬁT% (Y, X, 5, 9)} - —%Zatr{X%TPiTBZﬂBTEY[YiO ~ PXA)) =
=1

(5.81)

D (X508 = L3 v X, 5,6)
Ok k,N y Lxy [y _Ni:1 Ok K\ 1iy gy My -

N
3 [(1 ) S + tr(—2PS P PIR, — QPZ-Z‘QPZ-T)], (5.82)
i=1

|2

1
N
d o o 2 —2pT
Ey[&wﬁ,N(Y,X,@, } _NEZ[ (1-v)tr¥2 — 2tr Y 2P }
Es EY [&wm,N(Y7X7670)] -
= %[(1 — VX2l -v) S = —M tr Y72 (5.83)

where in the last expression, we first have taken the expectation (Ey) with respect to
the distribution of Y, and then with respect to the missing data mechanism (Es) which
is assumed to be independent of the Y’s. The results from Appendix [C] were used,
where the last trace was represented as tr [R»E*QPZ»TH-IdPiT}.
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The cross-derivatives with other spatial covariance parameters are:

0 a = _ _

o e (¥, X,8,0) = 5 ;[ﬂ — )[BT+
+tr(=P[ET0 ()27 + 2720 (0)X T P Ri—-
P PIPC (o) PF — PETC ()5 )]

o N

Ey [a_ga@bﬁ,N(Y, X, 3,0)] = 332 D |1 =) &[S0 7] -

i=1
~ (RS2 PTPCy () PT + PE'Ci(¢) 2P

«

BBy [ ten (VX 5.0)] = 500 u(=70,0).  G3)

0 1 &
a—a%@,N(Y; X, 3,0) = “oN Z tr[BY P (R; + aP,C(k, o) Pl)],
=1

0 1 —2pT T
Ey [a—al/’n,N(Y,X,@ 9)} = _ﬁ;atr(ﬂx P PC(k, )P,

1—v

Es Ey [%%,N(Y» X> ﬁ» 6):| - tr [(1 - V)E_l + au(l + H)E_Q] (585)

Derivatives of 1,

Let us now work out the estimating equations (5.70)) for the correlation parameters .

d ¥, (Vi Xi, 6,0) = d 5[ —(1 = 0)* tr(S7C5(0)) +
+r(PE L0y (@) ST BT R+ PSR! PG () PT) | =
= D[0P e(S710(0) + 6(PETIC(0)8 T P Ry + RETUPT RCy(0) P |+
« _ _ _
+5 (1= (SIS (0) - D Gy(p)+
+tr(~RE AT} G (@) ST PRy + P THAC (o)} P R
~PETCi(p) S ATy P R+ PTGy ()2 Pl d i
~PE AT} P ROl P! + PETPT P{d Ci(0)} P =
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S = 0P t(371C5(0) + tr(PEICy(9)5 PR + PX ' PT RC,(9) PT) |+
+5 |1 = )P (SIS C () — DT A Gy (0) +
+tr(=PEHd SO ()2 PR + PETHA Ci(p)} BT P Ri—
—PX7'Ci(p)S T HdEI ST PR, —
~PS7IC(9)R T PT[2(Y; — PXi3)dFXT T + P{d S} PY] -

—PEHdSIST BT RC(9) P + PSP PLAG(0}PT)], (5.86)

0 o &
a_ﬁ'zﬁWj’N(Y’ X7 57 9) = _N Z tr [XZRTZ_ICJ(SO)E_I‘PZT(YTLO - RXZﬂ)] )
J =1

Ey [%M%,N(Y,X,ﬁae)] =0 (587)
9 N
S, (Y. X, 3,0) = o Zl (=02 (572C5(0)+

+tr(—PX2Ci(@)X ' PTR; — PX7'Ci(9) PR, —
~PYTICp)E P! - BETAPT RC(0)PT) ],

Ey [%%,N(Y, X, 3, 9)] = 2% i [(1 —v)*tr(272C05(p)) -

~tr(PETCy ()5 BT + PR RT Ry (0) P
a(l —v)
2

BB [5-0nn (Y X,0.0] = -2 a0 mn) 6s)

N
(6%
~ 5N > [(1 — )’ (BT ()27 C(p) — 2TICh(9)) +
=1
+tr(—PX ' Cr(0)S'Ci(p) S PIR + BY ' Cii(9)S ' PTR;—
—PYTICi() 8T Crl(@)S T BT Ry — P Ci(0)S 7 BT PCy(9) P —

~PX (@)= P BC,(9) BT + P PT PCu(9) P

0
a_gpkwcpj,N(Ya X‘J 67 9)

) o o
B [ VoYX 8.0)] = 3 32[(1 =0 (BRI )

—X 7' Ci(p)) + tr(—PE'C(p) S PIPCr(p) Pl —
—PY'Cy(e)S ' Pl PCi(p) P + PX' P Pink:(SO)PiT)} : (5.89)

a(l—wv)?

5 tr(S7'Ci() S Cr(yp)) (5.90)

BBy [t n(Y. X, 0,0)] = -
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where Cji(p) are components of d Cj(+) related to dey:
dCj(p) = Y Cinle)dpy (5.91)
k

Just like C}(-) matrices, Cjx(-) matrices have zeroes on diagonal, so the result from

(C.6) applies to them. The expectations of cross-derivatives are equal,
0 0
Eo By |5, (Y, X, 8,0)] = BBy |5~ n(Y.X,0,0)] (592
Doy dpj

by the equality of the mixed partial derivatives. (Recall that the correlation parameters
require the same style corrections, and thus the same function is being maximized over
them.)

Finally,
N
iw (Y,X,3,0) = _ L > [PETCi(p)S T PI(Ri + PP (5.93)
da v N y 4%y [y IN - i J i ) i i ) .
0 1 1 —1pT T
Ev | 5-ven(Y,X.5,0)] = == > w[PX'C(@) PTREPT],  (5.94)
=1

Es Ey [a%wwj’N(Y, X, 3, 9)} = — Lov tr[E’le(w)E’l((l —v)X+v(l+ /i)[)] =

_ ! L[S0 (1= +u(1+ )5 )] (5.95)

Derivatives of v,

The last set of derivatives are those of the estimating equation ((5.71)) for .

dv.(Y;, X;, 5,0) = —%a‘Q da[—(l —v)?d— (1 —v)v(l + k) tr(C’(Fo, go)_l)—i—

+tr(PY PR, + P PT HZBT)] +
1 -1 -1 -1
+5 [—(1 —vvtr(de X7 = (1+ k)aX H{d C(k, )} 71+
+a M tr (=P THd SIS (R + BXP) — 2PX T PI(YY — PXB)dp" X ] Pf)],

(5.96)



82

N
a%.% (Y. X, 3,06) Z (XEPTRET'PI(YY — PX,B)],  (5.97)
[a@T ~(Y, X, 5, )] 0 (5.98)
%wa,N(YaXaﬂ79) -
N
= oo o[- {ET (1= (1 ez} - (RS (R4 PSR

i=1

(5.99)

By [ on(Y. X, 0,0)] =

N
21 S| =vpu{s (I = 1+ m)ax ™)} - w{PX2FTRIP Y], (5.100)
i=1
0 1 .
Es EY [_wa,N(Y7 X7 ﬁa 6)] = _5(1 - V) tr (5101)

N

0, ¢aN(Y X, 3,0) = on Z[ (1 —v)v(l+r)atr(T7'C(p)S ") —
— (PTG (9)S PR+ PYICy(0) BT PYRT)] (5.102)

Ey [%ww(y, X.0.0)] =

J

_ % ‘Nl (0= + WSS ) -
Z—tr(az-lcj«o)z-la%zﬁﬂ, (5.103)
E.Ey [%%,N(Y, X,4,0)] = —%(1 — 2t [S7NC (0) 5] (5.104)
D o (¥, X,0,0) = S 2§[_(1 = (1= (4 1) (Ol ) )],
(5.105)
Ey Es a%wa,N(Y, X, 5, 9)} = - 12;2” [(1=v)d+v(1+r)tr(C(k,9)"")]  (5.106)
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The derivatives matrix A

The results in Section jointly define matrix A of derivatives that will be useful

in establishing consistency and asymptotic normality of the estimates, as discussed in

Appendix D}
A= (Aﬁﬁ 0 ) : (5.107)
0 Ag

N
Agg = —E, ¥ XP'PY'PIPX;,
1=1
N
(Ags)je = —Es »_ XLPI'PYET'PIP Xy, =
i=1
N
— =) E.tr[PXyX P PY'P] =
i=1
= ~(1 =) XX [(1 = V) + vdiag D) @ In] | =
=—(1-v)XT[(1 =S +rdiagE™) @ Iy]| X,

Agg=—-1-v)X"[(1-v)S ' +rvdiagS™") ® Iy]X (5.108)

Generally, expectations with respect to the missing data mechanism involving the
regressors X; are going to be awkward, as long as the regressors can vary between
occasions 7, unless the design is nicely balanced. Alternatively, as long as the entries

of the design matrix X are observed in practice, one can use observed matrices X; and

compute
L
Agg = —— TPTPpY'PTPX;
Aps =~ ;Xz DX P PG,
Further,
3atry—? a1 —v)tr(S72C;(p))
X atr(STCH(e) T a(l —v) tr(S7Ci(e) S0 (p))
—v
Ago = — 5 : :

atr(STC ()27 a(l —v) tr(S7CH@) ST C(e))

tr 2t (1 —v)tr [2*101(/4, 90)}
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tr((1 — )27t + av(l + K)X7?) trx!
2tr{ S Ci(p) [(1 = )] +v(1+ r)ET]} (1 —v)tr[S7'Ci(y)]
2tr{ S Cy(@) [(1 =) + v(1 + r)ST]} (1 =) {tr71Cy(p)}
i[(l —v)d+v(l+k) tr(C’(/{, gp)*l)} a2 [(1 —v)d+v(1+ k) tr(C(k, (,0)*1)}
(5.109)
where the entries are ordered corresponding to entries of 3, k, ¢ = (¢1,...,¢,) and a.
5.5 The variances of estimating equations
The variance-covariance matrix of the estimating equations,
B=E¥(Y,X,30)¥(Y X,30)" (5.110)

will be useful in establishing that the estimating equations are asymptotically normal,
which will then be used in showing asymptotic normality of the estimates. Another
simple implication of normality will be that ¥, (Y, X, 3,6) ~ O,(N~'/2) which will be
used in establishing consistency of the estimates.

The upper left block of this matrix is comprised of the expectations of the outer
product ¥5(Y, X, 8,0)5(Y, X, 3,0)T:

Ev [0s(Y, X, 6,0)s.n (Y. X, 5,0)" | =
1 N
=By 75 > ¥6(Yi X, 8,0)s(Yi, X, 5,0)" =
i=1
1 N
= 5 O By [X[PI PR P (Ve = PXB)] [XT PP RSP (Ye — PX.B)] " =
i=1
1 N
= 5 2By X[ P/ PE Pl By [V = PXB)(Y? — PX5)T) RS P PX, =

=1

N
1
= 32X PIPRY ' PTPEP PY T PIPX; (5.111)
=1
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Bgs = EsEy |Ysn(Y, X, 5,0)sn(Y,. X, 3, O)T] is going to be a fourth order poly-
nomial in v, as in computing the expectation with respect to the missing data, four
probabilities of 1 — v would have to be multiplied and added up with different elements
of the matrices 3, ¥~ and XX7.

The blocks Bg., Bg, and Bg, are based on the expected values of the products

of the estimating equation for 3, (5.68|) with (5.69), (5.70) and (5.71)). They will all

contain terms Y; — P,X;5 and (Y; — P;X;3)R; which all have expectation of zero under
the assumption of normality (or, more broadly, symmetry of the error distribution,

including cross-symmetries of terms involving different sites: Ey (Y — X3)(Y — X3)T @
(v - X8)=0).

The expectations of the outer products of the estimating equations for the covariance
parameters will contain products of traces, and identity (B.7)) will be handy. We would

also need the fourth moments of the data. Define
R = (V7 = XiB)(Y - XiB)T - %, (5.112)
so that
R; = PRSP} (5.113)

Then

By 75 S = L5 — 2iB) (Wi, — wiel) — 03] (5 — 2aB) (Y5, — TimB) — O] =

= Ey [(45; — z58) (W5, — zinB) — 0] (U5 — 2aB) (Yo — Zim) =
=Ey [(yfj - ﬂfijﬁ)(yfk - ﬂfikﬁ) (yfl - xilﬁ)(yfm - xzmﬁ)] — O0jk0im = Hjklm — Ojk0im,
Ey R; ® R; = K (5.114)

where the subindices j, k, [, m correspond to individual sites, and ft;,, is the fourth
order central moment. This is a generic entry of K, the matrix of the fourth order

central moments.

Now, let us derive the products/variances of estimating equations for the covariance
space. They all will be finite, with the only condition that |%| # 0. This condition,
however, is guaranteed to hold by the parametric choice of 3; see Section 2.1}
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Variance of ¢,(-)

Lemma 5.3. Vv, is finite.
Proof.

¢K(Yi7 Xia ﬁ? 9>2 =
[~ =v) X+ w(PE 2P R+ PP |

a
2
%[ (L=v) X+ (PYPI R + YT 1PT)} _

= %[ (1—-v) (tr 2—1)2 —2(1 —v)tr -1 'trPZ-E_1PiT+
+(tr BYTTPTY? 4 (tr[ Y2 PTR])* 4+ terms, involving R; only once] (5.115)

Using Lemma the expectations with respect to the missing data mechanism are:

Estr BY P = (1 —v)tr S,

Es(tr BE'PT? = [(1— ) e S7]° + (1 = v)?A(; 37, 1,274 1)
E. [tr(PREPT Y2 P! =
= (1= w{ [x(R{(1 = )22 + v diag 2 2)]° + Ay B, B2 RS2 ), (5.116)
Es ¥u(yi, Xi, 8,0)* = (1 — v)Q{ [tr(RS[(1— )22 + vdiag27%))" + A 27 LD 1)+
+A(v; R, Y72 RS, 2_2)} + terms, involving R; only once (5.117)

Now, when expectation with respect to the distribution of Y is taken, the latter terms

disappear, as well as the terms involving cross-products of R{ and Rf. Hence, involving
(B.7) for the product of traces,

]EY ]ES 77Z}f€(Yi7 Xia ﬁ? 0)2 =
=(1-v)? [tr[K A1 =»E? +rdiagE | @ [(1 — v)E 2 + vdiag S~ %]} |+
YAW; S LS T + By A(v; RS2 R, 2*2)] (5.118)

The last term depends on the (entries of the) fourth moment matrix K defined in

(5.114), and is spelled out in ((C.14)). O
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Variance of ),(-)

Lemma 5.4. V,(-) is finite.
Proof.

Uy, (Y, X4, 8,0) ¥y, (Y3, Xs, 5,0) =

(1= )2t (S7C(p)) + tr(PEIC5(9) S PR, + P T PiCj(gp)PiT)} x

S

(1= )2 (ST Ch(p)) + tr(BY T Cu(@)S BT Ry + PYPT RC() PT)| =

(=)' 6(37C(9) - (ST ()

— (L=v)tr[27'Ci(p)] - e [P BT PC(0) P ]

— (1=v)* &[S B PCi(p)P] - tr[S7'Cilp)]
+tr[RSTI P PCi(9)P] - tr[RETIP PCy(p) P ]
+tr[BY'Ci () PTR] - tr[PE T Ck() ST PR

=R, X |8,

+ terms, involving R; only once] (5.119)

The expectation of the first four terms with respect to the missing data mechanism
gives together (1 — v)2A(v; X7 C(p), £71, Ci()). After denoting

Fi=1-v)[1-v)E'Cilp)T" +rvdiag(E'Ci(¢) )], (5.120)
the expectation of the fifth term is:

E, [tr(PET Ci(0)S7 P Ry) - tr(PET Crl@) ST P Ry)| =
=(1—v)’tr[(F; ® F) (R @ R)] + (1 = v)*?A(; 70 ()7 RS, S Cl() 71 RY)
(5.121)

The expectation of the last term of (5.119)) w.r.t. distribution of Y is zero. Thus,

Ey Es [wgoj (}/17 Xi7 67 (9) wwk (1/27 Xi7 67 6>T} =
= (1= AW =7 Ci(9), 271 Crl)) + (1= v)* o[ (Fy © Fy) K]+
+(1 - V)2 Ey A(V; Z_lcj (90)2_17 Rf? E_lck(@)2_17 ch) (5'122)

The generic form of the last term is given in (C.14)), and the whole expression is
going to be finite provided ¥ is invertible. O]
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Variance of ,(+)

The final piece of the variance matrix we are interested in is the variance of 1, (-).

Lemma 5.5. V,(+) is finite.

Proof.
YalYi, X, 5,6)° = ia‘z [~ == (1= )L+ R) tr(Cli, ) )+
+tr(PS PR+ PR PY PP =
= L0 0o P ()

+2(1 — v)dv(1 + K) tr(Clr, )" + [te(BE T PTRRPT))
—2[(1=v)’d+ (1 = v)v(l + &) tr(C(k, o) )] tr(RE" P BEP)+
+ [tr(PET'PT RZPf)f + terms, involving R; only once} (5.123)

The expectations with respect to the missing data mechanism of the terms involving

P; are:

E.[te(PS T PRI = Es te[(PS PN @ PSP (BRSPT @ PRIPT)] =
=(1-v)? [tr{ [(1-v)E" +vdiagE|@[(1 —v)S7" + vdiagZ™] }(Rf ® R+
+A(r; S RE ST Rf)] : (5.124)

E[te(P,E " PT PYP))]? = B2 [te(PE ' PT BYPT)] + (1 - v)?A(r; 27,58, 57, %) =
— (1= {2 (=) + vl +8)1)] Y + (1 -v)?Aw; 7 8,271 ),
(5.125)

Estr(PET'PTREP) = (1 —v){ [ (1 = v)S+v(1+ k) 1)} (5.126)

The expected value with respect to the distribution of Y of the last term of (5.123])
is zero, and of (5.124), is

Ey Es [tr(PZE*lPZ-TRi)}Z =(1-v)? [tr{ [(1-v)=7" +vdiagE™']®

@[(1 - )" + v diag 9] }K +Ey A(r; 271, Re, 971 B9 (5.127)
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where the last term is dealt with in (C.14]). Thus the total result is

EY ES¢O¢<Y;7 X’i) 57 0)2 =

N2
= % [tr{ (1-v)Z " +vdiagES @1 —v)27" + vdiagZ] }K+
Y By A, 7L RSN RS 4+ Ay 21D, 8 2)} (5.128)

]

Covariances of estimating equations

The cross-products ¥, (-)1y(+), ¥i()¥al"), Yu(-)1ba(-) and their expectations can also be
tediously derived. By Cauchy-Schwarz inequality, they will be bounded by the product
of the standard errors of individual components. For the matter of the theoretical

proofs, it suffices that they are finite.

5.5.1 An empirical estimate

In the empirical applications of the method, it will be more natural and easier to
compute individual contributions v;(y;, x;, 5, 6) and compute the empirical covariance
matrix

A

B= > Wy xi 5,60)¥ (i, xi, 6,0) (5.129)
i=1
to be used in the sandwich variance estimation (see Section of Appendix [D)). This
procedure will also be more beneficial in that ensures robustness against violations of
assumptions of normality used throughout in derivation of the variances of estimating

equations.
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5.6 Consistency of 0

In the earlier sections, we have obtained the derivatives of the estimating equations
(5.68)—(5.71). Let us see if they satisfy the regularity conditions outlined in Appendix D]

for consistency of the estimates, in particular, conditions of Huber (1967).

The estimating equations have the form

1 N
& 2 Y(Xi0)
=1

and by construction they satisfy with exact equality (sans the computational
accuracy).

Both the estimating equations and their derivatives are continuous functions of
provided |X| # 0 which is guaranteed by the choice of negative definite variograms (see

Section [2.1.3). Hence Huber’s (1967) condition (B-1) is satisfied.

The existence of continuous derivatives also ensures conditions (B-2) and (B-2) (aka
(D.21)) and (D.22)): for close enough 6 and ¢,

D[~ — 0l < (e, 0) — V(0] < P~ AN0 — 6] (5130)
where A is the matrix of derivatives given in (5.107), and Apin[—A] and Apax[—A] are
the smallest and the largest eigenvalues of the corresponding matrix. Here, A depends
on the parameter values, and can be taken say at 1(6 + 6'). It should be verified that
the matrix A is negative definite. It is the case for the regression block of it, as is
obvious from ([5.108)) or (5.109), but the case is not clear for Agy part in (5.109). The
condition (B-3) is satisfied by the choice of corrections in Section that ensure that
the population parameters solve A\(f) = 0. The condition (B-4) is satisfied with

N
1
b(0) = My~ D OIXETXB) + Myatr ST+ Mz Y [ tr(27'C(9)| + Maa™" (5.131)

i=1 J

for appropriately chosen My, My, M3, M,. Note that one also needs to have o separated

from zero.

Alternatively, conditions (D.34)—(D.35|) of Appendix are easily established: the

first one holds by CLT (provided variances of the estimating equations are finite, which

has already been demonstrated), and the second one, by the LLN, as explained in that
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appendix. Both of those conditions follow from the fact that the estimating equations
and their derivatives are sample averages, as mentioned earlier. Also, (D.37) holds by

CLT, and thus the estimates can be shown to be asymptotically normal.

5.7 Asymptotic normality of 0

If the missing data mechanism is treated as a random component, then estimating
equations — represent the sums of independent random variables. The in-
dependence in the distribution of Y is assumed throughout by the “dissociatedness”
assumption, and independence of the missing data process, by MCAR. As was shown
in Section [5.5], the variances of individual terms are finite, and thus the standard CLT
is applicable (see e.g. Theorem 27.1 of Billingsley (1995) or Theorem 8.2 of Borovkov,
Borovkov & Borovkova (1999)).

Alternatively, the missing data patterns can be treated as fixed, and the triangular
array versions of the CLT should be used to show asymptotic normality of the estimating
equations. The estimating equations for are marginally normal, as they only
involve y; as random variables. The estimating equations for the covariance space
parameters, ((5.69)), (5.70)), (5.71), involve the matrix residuals R; and their traces. The

individual entries of those matrices will have marginal x?, or gamma, distributions,

scaled appropriately, with all moments being finite. The traces of the matrices involving
R; will be distributed as a mixture of gammas, and thus will also have finite moments.
Thus Lyapunov’s condition (Theorem 27.3 of Billingsley (1995); Section 8.4 of Borovkov
et al. (1999)) will be satisfied, and the estimating equations will be asymptotically

normal.

Upon having established normality of the estimating equations, one can proceed to
establishing normality of the estimates themselves. As established above in Section [5.6],
the estimating equations do satisfy the regularity conditions outlined in Appendix [D.4]
Corollary 2 of that appendix establishes asymptotic normality of the estimates, and
applies here as well.

Alternatively, one can check the regularity conditions in Huber (1967). Condition
(N-1) follows from continuity of ¥(-). Condition (N-2) is satisfied by the choice of the
corrections that guarantee that the population parameters 6y solve E1(6y) = 0. Con-
dition (N-4), finiteness of the variances, was established in Section [5.5] The condition
(N-3) will also follow from the fact that W(-) have continuous derivatives, although this

would require a longer explanation.
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Let Amin (6o) and Apax (fo) be the smallest and largest eigenvalues of the derivative
matrix —A(6p) = —DV¥(6p), and let pmax be the largest eigenvalue of the variance
matrix B = V[¥(z,6)] (see section [5.5). As discussed on p. [5.6] there does not seem
to be an easy general way of showing it is positive definite. Assuming it is, the following

distances characterize the bounds near 6,:

1
Eldl :Vd S dl . ||]E\I/<17,00)H > 5/\min (60)”9 — 90”

(5.132)

ddy : V0,7 € B(fy,ds) (in the neighborhood of 6y) ( )
E[W(,6) — (. D] < 2omae ()10 7] (5.134)
3ds : V0,7 € B(y,ds) (in the neighborhood of 6) ( )
B[N0 (,6) — U@, 7)) < poas |0 — 7] (5.136)

Then choosing dy = min(dy, ds, d3) guarantees (N-3).

Thus the estimating equations for the approximate EM algorithm given in Sec-

tion [5.3| give asymptotically normal estimates:
VN = 6y) - N(0, AP BATTY) (5.137)

with A derived in Section [5.4] and B, in Section [5.5]

5.8 Numerical illustration

This section is based on a small Monte Carlo study comparing the performance of the
exact maximum likelihood and the approximate EM with corrections. An underlying
process was a Gaussian spatial field on a unit square [0, 1]? with a linear spatial trend

and an exponential variogram of the spatially correlated regression error:

Zit = Bei + ByYi + Bo + it (5.138)
V[Eit — Ejs] = 5t8a [5”“_ + /i) + (1 — 5”) exp(—dw/R)} (5139)

where d;; is the Euclidean distance between sites ¢ and j, and the parameters of the
process are given in Table 40 locations were randomly selected on that unit square;
see Fig. 5.1l 50 independent draws from the field were taken to represent the time
dimension of the dissociated process. 10% of the generated responses z were set to

missing. 100 Monte Carlo samples were drawn. The population values were used as
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Table 5.1: The simulation results.

Bx 5@/ 50 K o R
Population 2 -1 0 0.2 1 0.5
Mazximum likelihood
Mean 1.9900 -0.9886 0.0084 | 0.2035 | 0.9874 | 0.4916
S.d. 0.1253 0.1290 0.1171 | 0.0784 | 0.0878 | 0.0709
Approximate EM with corrections
Mean 1.9885 -0.9905 0.0081 | 0.1979 | 0.9957 | 0.4930
S.d. 0.1298 0.1353 0.1203 | 0.0879 | 0.0955 | 0.0751
Rel. MSE | 0.932 0911 0949 | 0.795 | 0.862 | 0.897

starting values of the iterative maximization.

The variogram of the process is shown on Fig. for one of the sample realizations.
For this particular sample, the sampling fluctuations suggest the estimate of the nugget
to be above its theoretical value, and the range is also moved up to allow the MLE
curve to pass through the data cloud. (As the simulation results showed, the estimates

of the nugget and range are highly correlated, in general.)

The summary statistics are given in Table [5.1] An alternative graphic representa-
tion of the distributions is given in Fig. [5.3] with the solid lines representing the kernel
density estimates of the distribution of MLEs, and dashed lines, those of the approx-
imate EM with corrections. The vertical lines represent the population values of the

corresponding parameters.

The distributions of the parameter estimates are concentrated around the popu-
lation values, with the latter in the 95% confidence intervals for the means of the
simulated distributions. The distributions of the regression parameter estimates are
close to normal; the distributions of the covariance estimates, especially the range and
the scale, are somewhat skewed. The mean squared errors of the ML estimates and
those from the approximate EM with corrections are compared in the last row of Ta-
ble 5.1} The efficiency losses do not exceed 9% for the regression subvector, and are

between 10 and 20% for the spatial covariance parameter estimates.

Table [5.2] addresses correlations between parameter estimates. For each of the esti-
mation methods, the first row shows the highest (in absolute value) correlations among
and between subsets of parameter estimates, and the second row, the lowest correla-
tions. Higher correlations found in part (a) of the Table tend to lead to deteriorated

convergence; more iterations will be required, especially for the linear convergent EM.
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Figure 5.1: Locations of the simulated sites.

5 1 1.5
dist
Empirical
Theoretical ———-—- Estimated

Figure 5.2: Variogram of the simulated process: pairwise variances, the theoretical

variogram and the MLE.
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Table 5.2: Correlations of the parameter estimates.

(a) Between parameter estimates, within an estimation method.

Across s ‘ Across 0’s ‘ Between ( and 6
Maximum likelihood (condition number = 76)

high Corr[@o,ﬁx] = —0.63* | Corr[k,a] = —0.77"" | Corr[fy, #] = —0.17*

low | Corr[3,, 3,] = 0.13 Corr[a, R] = —0.16 | Corr[B,, #] = 0.01
Approximate EM with corrections (condition number = 73)
high | Corr[fy, ;] = —0.61"" | Corr[k, 4] = —0.80"" | Corr[fy, k] = —0.18"

~

low Corr[ﬁgg,ﬁy] =0.11 Corr|a, fi] = —0.22" | Corr|f3,,i] = —0.01
**_ significant at 1%; *, significant at 10%

(b) Between MLE and approximate EM with corrections estimates.

ﬂx By ﬁO K o R
0.974 0.952 0.960 | 0.858 | 0.902 | 0.934

The estimates and their standard errors are on about the same scale of a unity, so the
higher condition numbers of the covariance matrices are due to correlations between
parameter estimates.

The simulation results demonstrate that only one out of nine cross-correlations be-
tween the regression and covariance subspace parameter estimates have p-values below
10%; none of those cross-correlations is significant after Bonferroni correction (10%/9
= 1.11%). Thus the theoretical argument that the regression and covariance parameter
estimates are asymptotically uncorrelated finds support in these simulation results.

Also, part (b) of Table shows that the approximate EM with corrections es-
timates are following the MLEs quite closely. It might have been expected that with
small proportions of missing data the estimates of the approximate EM with corrections
would be close to MLEs, as long as they are based on similar estimating equations with

corrections proportional to the missing data rate v.

5.9 Discussion

This chapter has reviewed the proposed modification of the EM algorithm with appli-
cation to the dissociated spatio-temporal models. The estimating equations, and thus

estimates themselves, resulting from the approximate EM are biased and inconsistent,
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except for the regression or trend coefficients. The corrections can be derived that
restore consistency of the estimates. Those corrections have different forms for differ-
ent (groups of) parameters. The resulting estimates are shown to be consistent and
asymptotically normal. The asymptotic variances can be computed, either analytically
(as was done here assuming normality), or empirically using the empirical estimate of
the estimating equations covariance matrix.

A numerical demonstration with a small Monte Carlo study provides limited support
of reasonable performance of the suggested estimator. The efficiency losses did not
exceed 20%, and the estimates were found to be close to the MLEs.

The derivations in the chapter can also be used for other types of mixed models,
as well as for structural equations with latent variables. In the latter applications,
however, the corrections will be way more numerous, as each parameter would need
to have its own correction. The estimation algorithms, and especially the secondary
derivations such as variances and derivatives of the estimating equations, will become
quite cumbersome.

The results of this chapter hinge on a number of assumptions. One of them is
normality of the response, or measured quantity. From the perspective of M-estimation
used throughout the chapter, this is just a starting point to derive the fitting function
and estimating equationsE|. Other fitting functions may have been used as well, but
the attractive feature of the normal likelihood (or quasi-likelihood) is that the spatial
correlations can be built into the variogram specification and the observation variance-
covariance matrix that may not have direct analogues with other forms such as least
absolute deviations.

Another implication of the assumed normality is availability of sufficient statistic
which makes the EM algorithm somewhat easier to implement. Other members of
exponential family can be tried for similar approaches, although the required non-
linear transformations may lead to additional terms in biases of the estimates that
would have to be compensated for.

Another important assumption used in the derivations is the structural form of the
covariance function. The author is not aware of any general tests of the “goodness of
spatial fit” of general applicability. Comparison of different variogram specifications
in empirical research is usually performed through information criteria, as different

models are rarely nested. The derivations in this chapter are general enough to allow

! Normality can also be used to analytically derive the variance of the estimating equations, but, as
mentioned above, an empirical estimate is likely to perform better under a wider variety of instances.
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for quite arbitrary stationary variogram; on the other hand, as long as the model is
misspecified, and there is no single likelihood evaluated and output as a result of the
estimation procedure, the information criteria will not be applicable.

Finally, an important assumption being made is that of the data missing completely
at random (MCAR). One of the components of this assumption is that the missing data
occasions occur independently, and it is used, at least implicitly, in applying the asymp-
totic arguments (CLT and LLN) in deriving the corrections. If the adjacent monitoring
stations are experiencing similar problems (such as understaffing in a certain part of
the country, or inclement weather preventing from taking accurate measurements, etc.),
then the missing data patterns will have some degree of spatial correlation.

Another component of MCAR assumption is that of constant probability of being
missing that does not depend on any other covariates. This assumption is used to derive
reasonably simple likelihoods, as well as corrections to the estimating equations through
the lemmas of Appendix [C] It will be even harder to justify given an observation that
reporting rates, and thus the proportions of missing data, may differ by an order of
magnitude across different monitoring sites. If the assumption of independence of the
missing data at different locations can still be maintained, then the effect of varying
missing data rates will be primarily on the analytical results of Appendix [C| where
each location will have to be assigned its own rate v,. The results of the Appendix will
immediately become intractable, although approximations to them using some efficient

missing data rates may still be possible.



Chapter 6

Future work

The research conducted within this dissertation, and in the last chapter, specifically,

can be extended and further developed in a number of ways.

6.1 Separable processes

A spatio-temporal process is called separable if the correlations in time and in space
can be separated from one another. If Vi, t Z;; = u, then the separability property can

be written down as

Cov|Zi, Zjs) = aCs(i, 7)Ci(t, s) (6.1)

where Cs(4, ) is the spatial correlation function between locations ¢ and j, and Cy(¢, s)
is the temporal correlation function between times ¢ and s. Those correlation functions
can include the nugget effect as 7 — ¢ or s — t. The covariance structure of such
process has Kronecker structure, so inverses and differentials are easily available, as
shown in Appendix [B] In particular, computing an inverse of NT x NT covariance
matrix only takes O(N?3) + O(T?) operations rather than O(N®T?3) operations for a
same size matrix of an arbitrary structure; a gain of about six orders of magnitude for
N ~ 100, T =~ 100, as in Chapter

If some data are missing, however, the covariance matrix loses its convenient compu-
tational structure, and thus the computational costs will soar to O(v3N3T3) per matrix
inversion (and each iteration of the numerical maximization algorithm may require sev-
eral such iterations). It is then really worth studying alternative estimation procedures,
and an extension of the approximate EM algorithm of Chapter [5|is a possible alterna-
tive getting us back to very efficient matrix algebra. Indeed, using an unconditional

expectation E[(vyit — pit) (Y;s — itjs)] = aCs(7, 7)Ci(t, s) as an approximation at the E-step
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of the EM algorithm is a very simple rule. However, as was shown in Chapter [5] the
estimates in general are going to be biased. Corrections to the estimating equations in
the spirit of Chapter [5| will still be possible, but due to an increasing complexity of the

problem, they will be more tedious.

In this setting, however, the data will no longer be independent over time, so in
deriving the asymptotic properties of the estimates, stronger results on arrays of random
variables would need to be used. In such derivations, a mixing property of the process

must be satisfied for the estimates to be asymptotically norma]ﬂ.

By the formal symmetry of the separable process and corresponding Kronecker
product structure with respect to the time and space interchange, similar mixing con-
ditions would have to be satisfied for the spatial process for consistent estimation of the
temporal correlations. This requirement seems to be ruling out non-stationary spatial

processes, and only lends itself to the increasing domain asymptotics of geostatisticsﬂ

Also, additional results on sampling from Kronecker products of matrices extending
the results of Appendix[C]will be necessary. In essence, Lemma aims at establishing
the trace of a Kronecker product, and in that respect will serve as the basic tool, just
as Lemma has been one for the results in Chapter [5

If all such results can be established, then the corrections to restore unbiasedness
of the estimating equations, and hence consistency of the estimates, can be derived.
The asymptotic properties of the resulting estimates can then be established by using
appropriate versions of CLT for random fields. It should be expected that the trend
parameters can be estimated unbiasedly through a version of weighted least squares,
while the estimates of the covariance space parameters, i.e., spatial and temporal cor-
relations, will have to be obtained through a numeric minimization procedure, where
the objective function will be a combination of the quasi-likelihood implied by the

approximate EM algorithm, and the penalty terms restoring consistency.

I In the time series context, a-mixing is the following concept. Let
a(k) = sup{| Pr{4; N Byy1.} — Pr{A;} Pr{Bi 1} : Ay € F', Byyi € ft":_o,f (6.2)

be the mixing coefficient of the time series Y}, where F? is the o-algebra generated by a process Yi,
a <k<b If a(k) = 0 as k — oo, the time series Y}, is said to be a-mixing. The mixing property
means that correlations between “parts” of the process decay sufficiently quickly as one moves from
one “part” of the space on which the process is defined to another. See Doukhan (1994).

2 See discussion of increasing domain vs. infill asymptotics in Cressie (1993).
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6.2 Unbiased estimating equations

Even in the simpler case of dissociated processes, because of the difficulties with deriv-
ing an appropriate correction to the likelihood required to estimate the spatial covari-
ance parameters consistently, an entirely different approach can be taken to obtaining

estimating equations that would be unbiased.
Consider the following function of the data that can be called matriz weighted least
squares (MWLS):
N
1 T
QO.B:Y) = ;tr W;R;W; R (6.3)
where the matrix residual R; was defined in (5.27)), and fixed symmetric weight matrix
W, is left undefined at the moment. Note that

d d
trRR' =3 3 % =R,

=1 k=1

tr WRWR" = |WR|3, (6.4)

due to the symmetry of the covariance residual matrix R.

The estimating equations can be derived from the differential of ():
N
1 T T
dQ =5 > u(Wi{d RYWiR] + W,RWi{d R}") =
i=1

=Y a(WRWi{dR;}") =Y tr(W{d R}W,R]) =

=1

Mzn

(Wi 207 = RXB){~d BY XTP — P{dSIPIWiR)  (65)

1

<.
I

The estimating equations for § are vector polynomials of third order:

N
0="> X/PIW;[(Y? - PX;B)(Y? — P,X;8)" — PX(0)PT|Wi(Y? — P.X;8) (6.6)

i=1
Explicit solutions would be difficult to derive, but it is easy to establish that the equa-

tions are unbiased if the distribution of Y is symmetric (or at least has zero third
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moment). Weighted least squares estimates, e.g., of the form

b= (o xrwix) (Yo ar ) (6.7)

may be more advantageous, although they require a separate set of routines outside

the framework of minimizing (6.3)).
The estimating equations for 6 are found from the second term of (6.5)):

N
0=> tr[W:P{d S} P/ W;R,] (6.8)

i=1
The comparison of with the ML estimating equations ([5.23|) shows that ef-
ficient estimates asymptotically equivalent to the MLE are obtained by setting W; =
(P,X(0)PT)~1. Those estimates are of course infeasible as they involve unknown 6. The

practical alternatives might be:

1. use W; = (PX(A)P,)~! for some estimate # obtained previously, either from an
external source, or at the previous iteration of the optimization algorithm. This
would imply higher computational costs, as an inversion of T" potentially different
matrices will be required. Note however that as long as the weight matrices
are treated as fixed, they will only have to be inverted only once, and then the

iterative algorithm can proceed by using the stored W;’s.

2. use W; = I without much concern for efficiency. This choice of the weighting
matrix may be suitable to obtain the initial consistent estimates of the model

parameters.

3. use W; = P,X(0) ' P! in the hope that it will be “close” to the efficient choice.
Indeed, if ¥ is a diagonal matrix, then this choice is identical to the efficient choice,
and it is quite possible that for a spatial field with quickly decaying correlations

this choice will also be practical.

Some combinations of the weighting strategies may be in place, e.g. in a two-stage
procedure: to start with an identity weighting matrix, obtain initial consistent estimates
9, and then plug them in with a more refined weighting matrix of the form 1 or 3.

The estimators of this kind have been proposed in econometrics, where the esti-

mation procedure is known as the generalized method of moments (GMM) (Hansen
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1982, Métyds 1999, Hall 2005), and quantitative sociology (structural equation mod-
els), where they are known as the asymptotically distribution free (ADF) method
(Browne 1984). Generally, they give consistent estimates, and their asymptotic proper-
ties follow from the general theory of M-estimates outlined briefly in Appendix[D] Their
asymptotic distribution is normal, the variance is given by the information sandwich
formula, and consistent standard errors are feasible. As mentioned above, the optimal
choice of the weighting matrix is possible, and then the estimates are asymptotically
efficient. If maximum likelihood estimates for the same model are available, then the
optimal GMM/ADF estimates are asymptotically equivalent to the MLE estimates.
An additional feature of the GMM models is that they allow to test for overidentifying

restrictions, thus providing a goodness of fit test for the spatial covariance models.
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Appendix A

Useful matrix calculus results

Matrix calculus is concerned with the infinitesimal properties of matrix functions. The
basic book on the subject is Magnus & Neudecker (1999). They introduce the differ-
ential notation (d), show its properties, and argue quite convincingly (Chapter 9) why
this notation is superior to more obvious notation such as OU/0V for matrices U and
V.

Let F': S — R™*? be a matrix function defined on S € R™?. Let matrix C' € int S,
and let U € R™? be such that ||U|| < r (i.e., U € B(0,r), an open ball of radius r
centered at zero)l} so that C' + U € B(C,r) € S. If there exists a real matrix A of size
mp X nqg that depends on C', but not on U, such that

vec[F(C' 4 U)] = vec[F(C)] + A(C) vec[U] + vec|Rc(U)] YU € B(C,r) (A.2)

and Rl
lim c(U)

—2 = A3
T (4.3)

then F' is said to be differentiable at C, and m X p matrix d F'(C;U) given by
vec[d F/(C;U)] = A(C) vec[U] (A.4)

is the first differential of F' at C' with an increment U, and mp X ng matrix A(C') is
the (first) derivative of F at C.

!The norm of the matrix is taken to be the natural (spectral) norm

X = (tr XTx)1/2 (A.1)
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In this notation, the differentials of matrix functions U, V' are:

dU+V)=dU+dV, (A.5)
d(aU) = adU, (A.6)
dU" = (dU)", (A7)
d vec[U] = vec[d U], (A.8)
dUV)=WdU)V+U(dV), (A.9)
d(AUB) = A(dU)B for constant matrices A, B, (A.10)
dtrU =trdU, (A.11)
dUV)=dU)eV+U®(dV) (A.12)
where U ® V' is Kronecker product (see Appendix .
If additionally U is a non-degenerate square matrix, |U| # 0, then
d|U| = |U|tx[U 4 U], (A.13)
dln|U| = tr[U" 14 U], (A.14)
dU ' =-UYdU)U (A.15)

Mild regularity conditions (i.e., differentiability and invertibility in a neighborhood
of U) that ensure existence of the differential are required for (A.13)—(A.15]).
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Let A and B be two matrices of dimensions m xn and px ¢, respectively. The Kronecker

product of two matrices is a matrix of dimension mp x nq defined as

CL11B a,lgB Ce CLMLB
A®B = : E :
amB a0 B ... an.B

(B.1)

The justification for the term “product” comes from the distributive property of

Kronecker product:

ARBRC=(A®B)@(C=A® (B (),
(A+B) @ (C+D)=A3C+A®D+BC+B®D,
(A® B)(C ® D) = (AC) ® (BD)

whenever the terms in the above expressions are properly defined.

Other useful properties of Kronecker product:

(Ao B)T = AT @ BT,
tr(A® B) = (tr A)(tr B),
tr(AB) tr(CD) = tr(AB ® CD) = tr[(A® C)(B ® D)],
(A By '=A"1'® B,
Aismxm,Bispxp=|A® B|=|A]|B|",
A <A11 A12) CAQB = A= (A11®B A12®B>
Ao Ag Ay @B Ap®B

al @b=abl =b®a’ for vectors a,b

whenever the appropriate matrices are defined properly.
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Appendix C

Quadratic forms with missing data

Several results in Chapters [5| hinge on the expressions of the form tr[PAPT PBPT]
for some matrices A and B of size d, and the incidence matrices P of dimensions
d° x d (see definition on page . Let us study the properties of this expression,
in particular, its expectation over the missing data process. The matrices A and B
would be related to the covariance matrices or the outer products of the observed
data vectors. Thus the missing data mechanism works on those matrices by deleting
matching rows and columns of the matrices. This is the setting of Hajek’s binomial
sampling scheme (H&jek 1960, Pathak 1988) where a finite population of size N is
sampled at a predetermined rate p, with the number of individuals sampled being itself
a random variable with distribution Bin(N,p). We shall denote the expectation over

this sampling scheme as E.

Lemma C.1. If A and B are d X d-matrices, and P is an incidence matriz consisting

of (an ordered) binomial random sample without replacement of rows of Iy, then
Es tr(PAP"PBPT) = (1 — v) tr{ A[(1 — v)B 4 v diag B] } (C.1)

Proof. Note first that PAPT is a random (with respect to the missing data process)

minor of A, and PBP? is a random minor of B. Then

tr(PAPTPBPT) =Y " " ajbj (C.2)

k€Es; jES;

where s; is the sample of indices (sites) available in i-th observation. The probability
of sampling a given site is 1 — v, and each j, k combination is sampled/observed with
probability (1 —v)? by the independence assumption as a part of MCAR. The diagonal
elements are sampled at the rate 1 — v, and the off-diagonal ones, at the rate (1 — v)?%.
Hence the expected value of with respect to the missing data, or the process of
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sampling the rows of I; (random indices j, k € s;), is

Estr(PAP"PBPT) =Es > > ajibj =

kes; jEsi

d
—(1=v) Y ajbj+(1=v) > auby =

k=1 1<j#k<d
d d d
1 —V QZZajkbjk + V(l — I/) Zakkbkk =
k=1 j=1 k=1

/\

— )%t r(AB)+v(l —v)tr(A® B) =

/\

—v)tr{A[(1 — v)B + vdiag B]} = (1 —v) tr{ A[B — v(B — diag B)]} (C.3)

where the expectation [E, is taken over all possible samples s;, ® denotes Hadamard

product (the entry-by-entry product of two matrices), and diag B =

B ® I is the

diagonal part of the matrix (not a vector of the diagonal elements, but a matrix with

the same diagonal as B, and zero off-diagonal elements).

Corollary C.2. If B is a diagonal matrix, then
Es tr(PAPTPBPT) = (1 —v)tr AB
In particular, setting B = I, one obtains

Es tr(PAPT) = Estr(PAPTPIPY) = (1 —v)tr A

Alternatively, by substituting diag B = 0, one obtains

Corollary C.3. If B has zeros on the diagonal, then

E, tr(PAPTPBPT) = (1 —v)*tr AB

(C.5)

(C.6)

The derivations in Section require computation of expectations of a cross-

product involving different points in time (different incidence matrices P, and P;)
Es tr(P AP P,BP]) tr(P;C P P;DP]") which will be dealt with in the following lemma.

Lemma C.4. If A, B, C, D are d x d matrices, and P; and P; are random incidence

matrices, then
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Es te(PR AP P,BP]) tr(P;CP P,DP]) =
= K. tr(R AP P,.BP]) K, tr(P;,C P/ P;DP]") + 6;;(1 — v)*A(v; A, B,C, D), (C.7)

A(v; A, B,C, D) =
v 2
=1 Y aiibiicidy; +v(2—v) (Z ajbjrcindin + ) ajkbjkckjdkj>+
j j#k jk
+(1-v)’v (Z ajsbiscimdim + Y ajbiseidiy + Y aipbied;;+
j#m i ik

+ Z ajkbjkckkdkk> + (1 — l/)31/< Z ajkbjijmdjm + Z (ljkbjkcljdlj+

J7#k J#k#m J#k#l
+ Z @bk Clom i + Z ajkbjkzclkdlk> (C.8)

j#kAm PR

where d;; is Kronecker’s delta.

Proof. For different points in time, the locations sampled are independent, and so are
stochastic matrices P; and P;. Thus the expectation in LHS of (C.7) is a product of
two expectations of the form given by ((C.3)). For the same points in time, the product

of traces becomes

tr(PAPP,BP) tr(PCP'PDPF) =Y "> "> " ajubjicimdim (C.9)

k€s; jEs; l€s; mEs;

The generic term of this expression is sampled at a rate (1 — v)*. However, some of
the terms in this expression will be sampled at a rate higher than others. When two
indices coincide, the rate becomes (1 — v/)3; when three indices coincide, it is (1 — v)?;
and when all four indices coincide (the diagonals of all four matrices), the rate is 1 —v.
The breakdown of the rates and indices is given in Table [C.1]

Let us compare ((C.9)) to a “regular” situation when the two traces are independent.
There will be some extra terms in that expression due to the differences in sampling
rates, as the assumption of independence understates how often a particular combina-

tion may appear in the expectation. See columns 2 and 4 of Table [C.I} Then
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Table C.1: Sampling probabilities for Lemma [C.4]

Relation Correct Regular  Prob under

of indices Prob case independence
j=k=1l=m 1—v (1-v)?
j=k#l=m (1—v)? * (1-v)?
j=l#k=m (1—v)? (1—-v)?
j=m#k=I (1—v)? (1—-v)?
j=k=101#m (1—v)? (1-v)?
j=k=m#I (1—v)? (1-v)3
j=l=m#k (1—v)? (1-v)3
E=l=m4#j (1—v)? (1-v)3
j=k#lL#ml#*m (1-v)3 * (1-v)?
j=l#k#*mk#m (1-v)3 (1—-v)?
j=m#kALk#] (1-v)? (1—v)?
F=l#jAmjtm (1-0) (1-v)
I (1)
l:mija#kak#j (1_1/)3 ¥ (1_V>3
jARALFm (-t % (1-v)

Esltr(RAP! B,BP) tr(P,CPl P,DP])|~
— Es[te(PAP P;BP])| E[tr(RCP PDP!)] =
= (1 — I/)I/ Z ajjbijjjdjj + (1 - l/)2l/(2 - l/) (Z ajkbjijkdjk + Z ajkbjkckjdkj>+
J j#k JF#k
+(1- V)2V<Z ajb5iCimdim + > ajibjiciidiy + > abineiidii+
j#m J#l J#k
+ Z ajkbjkckkdkk> + (1 — V)3V< Z ajkbjijmdjm + Z ajkbjkcljdlj+
J#k j#k#m jAk#L
+ D apbipCrmdin + Y ajkbjkclk:dlk) = (1-v)’A(: A, B,C, D) (C.10)
J#k#EmM J#kFL

]

This excess part can be interpreted as extra variance due to random sampling of sites
under MCAR process; it has the same stochastic structure as V[y] = E[y?] — (E[y])? for
a numeric random variable y. The normalization (1 — v)? is taken to make the results

easier to conform with other terms in the expectations in Section [5.5]
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From now on, matrices A, B, C' and D will be assumed symmetric, as will be our
case with the covariance matrices and their derivatives. Then equation (C.10|) can be
simplified:

1%
A(V; A, B, C, D) = 11—, Z ajjbijjjdjj + 2v |:<2 — I/) Z ajkbjijkdjk+
j j#k
+ 3 aybsiCimdim + Y agbiciid+
J#m itk
—|—(1 — I/) Z ajkbjijmdjm + (1 — I/) Z afjkbjkclkdlk] (Cll)
J#kAm kA

Appropriately, if there is no missing data (v = 0), then A(0;-) = 0, so there are no

variance components associated with the missing data stochastic component.

Some special cases will be of interest.

e [f say D is a diagonal matrix, then

1%
A(V; A, B, C, D) = : [Z Cijbijjjdjj + 2(1 - I/) Z ajkbjijjdjj] (C12)
J i#k

e If A=C = A" and B= D = B7, then

. _ 212 2 12
A(v;A,B,A,B) = — ” Z aj;bi; + 2v [(2 —v) Z ajbiet
J Jj#k
+2 Z ajjbjjajmbjm + 2(1 — V) Z ajkbjkajmbjm] (C13)
J#m J#k#m

In Section 5.5} we shall be dealing with the expressions of the form A(v; A, R¢, B, R¢)

and their expectations, where A and B are symmetric matrices, and R is the matrix

residual ((5.112)).

Lemma C.5. If A and B are symmetric matrices, and cjy, is the (j,k)-th entry of the
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matriz of spatial correlations C(6),
C C I/
Ev A(v; A, R, B, RY) = 17— ;4%537@2(1 + )2+
—|—2V{(2 — I/) Z (ijbjk&2 (C?k + (1 + /{)2) + Z Q(ijbjk + (ijbjj)CjkOéz(l + /i)+

i%k i#k

—|—(1 - I/) Z QK Z (bjl + blk)Oéz [CjkCﬂ + (1 + K,)Ckl} } (C.14)

JF#k JFLEF#L

Proof. Note first that

1%
A(v; A Rf, B RY) = +— D i byrs; + 2w [(2 — V) D bt
7 ik
+ Z ;15 0imTjm + Z kT byt
i7m pr
+(1—-v) Z a7 5k bjm "5y + (1 = v) Z ajkrj?kblkrfk], (C.15)
jhm jARA
1%
Ey A(V; A, RZC, B, RZC) = E Z 4ajjbjjoz2(l + H)2 + 2v [(2 - V) Z ajkbjk(ujkjk - Oé20?k)+
J J#k
+ Z ;05 (Bijjm — (1 + K)Cjm) + Z ajrbji(pingy — (14 K)eje)+
jF#Em Jj#k
+(1—-v) Z ajbim (fikgm — @ Cjmep) + (1 =) Z ajibu (Kghin — QQCjkClk)}a
jkAm jt

(C.16)

where ¢;;, is (j,k) entry of the matrix of spatial correlations C(yp), see (5.29), and
ik is the (centered) fourth moment of data, see (5.114). Note also that acj, =
a(l+ k) —v(||s; — skll) where () is the semivariogram of the spatial field.

Consider further a decomposition of the random field at location s to a part asso-

ciated with the value at location s;, and an idiosyncratic part:
Ye — k= pjr(Ys — pg) + g, Eugyy; =0, (C.17)
where pj, is the correlation between two observations,

ik = ¢/ (1 + K) (C.18)
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Then
fiije = By — 1) (e — ) = E pjiey; — 15)" = 3epa®(1 + k), (C.19)
tgine = By — 1) (e — 1) = E iy (g5 — 13)* + Eyy — p5)*uzy; =
=30’ + *(1+ k)X (1 — p3) = o* (265, + (1 + k)?) (C.20)

and any permutation of the subindices gives the same answer. Further, if the location

S,, 1s next considered with

Ym — Hm = pjm<y :U/]) + Viem|j Uk|j + Um|kj (021)

where v, is the part of y,,, uncorrelated with either y; and y;, then

Pkm — PjikPjm
Veem|j = —n SR (C.22)

tigkm = B = 115)* Uk — 1) (Y — pim) =
= I prjPmj (Y5 — 115)* + B Vomli (v — 117)? uk|] =
= (1 + K)?[3pjkpim + Prm — Pikpim] = (14 K)*[205k0jm + Pkm] =
= a? [QCjijm +(1+ )ckm] (C.23)

)
(

Grouping the results together, and using appropriate symmetry arguments (the value
of fkim is insensitive to the permutation of indices, aj; = ax;, bji, = by;), one obtains
(1C.14)). [

In Section [5.5] it will be necessary that A() is finite. It is however clear that

IA(v; A, B,C, D)| <

(C.24)

ij
z] 1,d i,7=1,d i,j=1,d i,j=1,d

(]

Likewise, as each entry of the fourth order moment matrix K is bounded by Ey[(y; —

wi)'] = a?*(1+ k)% Ey A(v; A, RS, B, R¢) will also be finite.
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Appendix D

Consistency and asymptotic

normality of M-estimates

This appendix summarizes some results on asymptotic behavior of the estimates defined

by a set of estimating equations.

D.1 Notation
The results in this Appendix apply to an i.i.d. sample:
Xy,..., X, ~iid. F(z,n), ne€R*zecR™ (D.1)
and functionals of the distribution
Evi(z,0) =0, j=1,...,p (D.2)

where the expectation may mean the expectation either with respect to the theoretical

distribution

B, 9(z) = / 4(x)dF(x) (D.3)

or with respect to the sampling distribution
B g(e) = £ 3" 0(X) (D.4)
ng\r) = — i .
g n 4= g

The equations define a p-dimensional parameter of a statistical model: 8 € © C RP”.

An estimator @ is obtained as a solution to

(or an approximate solution if the exact solution is not feasible).
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The population solution will be denoted 6y:

E’? V,ZJ]'(.Q?,QQ) = O (D6)

D.2 Consistency conditions

The consistency property can be viewed in global or local sense. Most consistency
conditions are local, i.e., about the estimators that converge stochastically to a neigh-
borhood of the “true parameter” 6,. The global consistency would require the zero
point of ;(-) to be well separated, i.e., there are no other points 6, (including infinity)
s.t. olirgla E, ¥;(0,z) = 0.

van der Vaart (1998)

van der Vaart (1998) gives a description of dual estimating problem of either maximizing

a criterion

Mn(x,e):%Zm(Xi,Q) vs. M(6) = B, m(z,0) (D.7)

or solving a system of estimating equations (D.2)). He also introduces a concept of near

mazimization:

My (6,) = sup M, (0) — 0p(1) (D.8)

and notes that solving for a zero of a set of estimating equations is related to maximizing
the (GMM-type) criterion
1B 5(6.2)]] — max (D.9)

Theorem 5.9: Let V¥, be random vector-valued functions, ¥ be a fixed vector-

valued function of 6 s.t. 6, is the solution of

U(fy) =0 (D.10)
If
sup || W, (6) — ¥ (8)| - 0, (D.11)
0cO
and for every ¢ > 0
inf ||U(0)] >0 (D.12)

0:160—6o || >€
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Then
V sequence 0, : U,,(6,) = 0,(1) = 0, <= 6, (D.13)

van der Vaart (1998) discusses some sufficient conditions for Theorem 5.9.

© is compact, U € C'(0), 0, is a unique max = ((D.12)), (D.14)

Ve R"¢;(0,2) € C(O,z) and
3 integrable g(z) : VO € © |¢;(0,2)| < g(z) =
= E, ¢;(x,0) are Glivenko-Cantelli = (D.11)) (D.15)

His next result is to show how the conditions can be relaxed.

Lemma 5.10: Let © C R, ¥,, be random functions, and ¥, a fixed function, of 6.

Vo U, (0) 2 1)
YweQW,(0) e C(O),
VweQ30,: 0,(00,) =0 or ¥,(.) is non-decreasing with ¥,,(6,,) = 0,(1),
30 :Ve>0W(0)—¢) <0< V(0 +e)

D.16
D.17
D.18

(
(
(
(D.19

)
)
)
)

Then

én L00

van der Vaart (1998) finalizes discussion of consistency conditions with Wald’s con-
sistency proof that involves upper-semicontinuity and boundedness from above of the

objective function M (x,#), and finiteness of the objective function at the maximum 6.

Huber (1967)

Huber (1967) is a classic paper that establishes consistency and normality of the M-
estimates, and introduces the sandwich formula for the asymptotic variance of M-

estimates (see next section).

The following are the conditions under which Huber (1967) establishes consistency.
The set of plausible parameter values © is assumed to be locally compact with a

countable base, (X, 4, P) is the probability space. He considers the behavior of the
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sequence of estimators 6,, : X" — O s.t.

1 n
= U(X;,0,) — 0
n =1

either a.s. or in probability.

(B-1) V0, ¥(x,0) is YU-measurable, and ¥(z,0) is separabld]]

(B-2) The function ¥ is a.s. continuous in 6:

lim ||U(x,0) — V(z,0)| =0 as.

0'—0
(B-2') As the neighborhood U(#) shrinks to {6},

E(sup ||¥(z,0) — ¥(z,0)|) — 0
0'cU

(B-3) A\(0) =E¥(z,0) exists VO € ©; 310y : A(6p) =0

(B-4) by, b(6) € C(O) : b(6) > by > 0

o 12 0)]

o b(0)

is integrable

lim inf

f—o0 b(@)

E [lim su
el B(0)

(D.20)

(D.21)

(D.22)

Lemma 2 of Huber (1967): (B-1), (B-4) and (D.20)) = there is a compact set C' C
©: any sequence 6, a.s. ultimately stays in C' (i.e., Pr{3ng : Vn > ny, 0, € C} =1).
Theorem 2 of Huber (1967): (B-1), (B-2'), (B-3); 6,, satisfies (D.20]) and conclusion

of Lemma 2 of Huber (1967) = 0,, — 0, a.s. and in probability.

13 anullset N C ¥: P(N) =0, countable © C © s.t. for every open set U C © and for every
closed interval A, the sets {z|¢;(z,0) € A,V0 € U} and {z|¢,(x,0) € A,V0 € UN©O'} differ by at

most a subset of V.
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D.3 Asymptotic normality

The question of asymptotic distribution of the estimates coming from a set of estimat-
ing equations is the next one to address once consistency of the estimators has been
established. Versions of the central limit theorem are usually applicable that demon-
strate asymptotic normality of the estimators. As with the proofs of consistency, the
major part of showing the asymptotic normality in each particular situation is to verify

the regularity conditions.

van der Vaart (1998)

van der Vaart (1998) gives the following heuristic argument which is a generic proof of
the asymptotic normality based on a Taylor series expansion around 6y:
0=En¥(Bn, X) =En ¥ (0o, X) +En DU (0, X) (8, — 00)+

+% [L, @ (6, — 00)]" [En D*W(0,, X)] (0, — 6o) (D.23)

for some 6,, between 6y and 6,,, where DU (-) is the matrix of derivatives of ¥(-) with

respect to 6, and D?¥(-) is a stacked matrix of second order derivatives of W(-):

Py Oy Ay
D2¢1 (9 X) 001001 001002 """ 00100p
DPu(e, X) = 5 C o Dwex)=| 0 | (D24)
Dpr(97 X) 82'¢'1 A1 9
00,001 00,002 " 00,00,

Then

ﬁ(én - 90) =
= - <]En DV (0o, X) + %[Ip ® (0, — 00)" ] [En DT (0, X)D_l\/ﬁEn U (hy, X) (D.25)

The last term is asymptotically normal, as it is a sum of i.i.d. random vectors, provided
E, ¥ (6o, X)¥(6p, X)* is finite, so the CLT holds for this sum. The first term of the
multiplying matrix is an average, and thus by the law of large numbers converges to
E, D¥(0y, X). The second term in the multiplying matrix is a product of op(1) and
Op(1), and is negligible. The resulting matrix must be non-singular, or, in other words,

the estimates must be functionally independent. If all those conditions are satisfied,
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the whole expression is asymptotically normal:

Vb, — 0y) =5 N(0, A7 B(AT)Y),
A=E,D¥(0y,X), B=E,¥ (0, X)¥(0,X)" (D.26)

For the correctly specified maximum likelihood estimates, —A = B = Z, the Fisher
information matrix.

van der Vaart (1998) further presents several theorems that dwell on different reg-
ularity conditions needed to prove asymptotic normality. The next one is the best
applicable to the general M-estimates.

Theorem 5.21. For each §# € U C E, a Euclidean space, let z +— (z,0) be a
measurable vector-valued function s.t. V61,6, in a neighborhood of 6y and a measurable
function ¢ with E¢? < oo,

l(e, 61) — ¥z, )| < W (2)]|61 — 6] (D.27)

Assume that E [[1(z, 0)]|* < oo and that the map 6 — E(z,0) is differentiable at 6,
with non-singular derivative matrix Vp,. If B[t (x,6,)] = op(n/2), and 6, —— 6,
then

Vil = 00) = ~Vir' o= >0 ) +or(1) (D.28)

In particular, the sequence \/ﬁ(én — 6) is asymptotically normal with mean zero and
covariance matrix Vg ' (E[¢(z, 60)(x,00)"]) V'
For continuously differentiable functions ¢ (-), a natural candidate for the dominat-

ing function P is SUDger () OV /06 taken over a neighborhood of 6.

Huber (1967)

Upon discussing (ways to establish) consistency of an M-estimator, Huber (1967) con-
tinues to give the conditions under which the estimator will be asymptotically normal.

Those are the assumptions he uses:

Set up:

© C R™, (X U, P) is probability space, ¢ :AXx O — R™

)‘(‘9) = E[¢($, 8)]7 U(ZE, 0, d) = HTS—I;\I\)<d H¢<I7 T) - w(% 6)” (D29)
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Near zero of an estimator T,, = T),(x1, ..., Z,):
1 & »
—= > (@, T) 250 (D.30)
v

(N-1) V0 € O,¢(x,0) is U-measurable, and 1)(x, #) is separable (see Assumption (A-1)
earlier)
(N-2) 390 €0: )\((90) =0
(N-3) 3a>0,b>0,c>0,dy > 0:
L0« |0 — 0ol < do = [[AO)]| = all6 — 6o
2.V0: |0 —by|| +d < dp,d > 0= Eu(x,0,d) <bd
3. VO : |0 — || +d < dy,d > 0= Eu(z,0,d)?] < cd
(N-4) E[l|¢)(z,00)]%] < o0

Here, || - || is any norm equivalent to Euclidean norm. He then shows the following
results:
Lemma 3: Assumptions (N-1), (N-2) and (N-3) imply that

| [t ) = (o, ) = M)+ 20)]|
0l NZER G

Theorem 3: Assume that (N-1) to (N-4) hold and that T, satisfies (D.30)). If
Pr{|T,, — 00| < do} — 1, then

L 0asn — oo (D.31)

% Xn: U(z,00) + vVnAT,) 20 (D.32)

Corollary: Under the conditions of Theorem 3 of Huber (1967), assume that A has
a non-singular derivative A at 6y, so that [|A(0) —A(0y) — A0 —06y)|| = o(||0 —6]|). Then
Vn(T,, — 0p) is asymptotically normal with mean 0 and covariance matrix AT1BAT !,

where B = Cov|[¢(z, 6))].

D.4 A proof of consistency

This subsection is based on Smith (2005).
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Suppose 0 is a p-dimensional parameter and {t,;, j = 1,...,p} are a family of p
estimating functions for sample size n, such that the estimator 0, is defined as the

solution of
We also write ¥,, for the p-dimensional vector function whose individual coordinates
are ¥, 7=1,...,p.

Let 6y be the true value of # and suppose there is an open neighborhood of 6y,
denoted N, and a constant 3 > 0 such that:

Uni(00) = op(n_ﬁ), j=1,..p, n— oo, (D.34)
O, (0 .
by jk(0) = —¢8gk( ) — h;x(0), j,k=1,..,p, n — o0, (D.35)

where the convergence in (D.35]) is in probability, uniformly over 6§ € N.

We also assume that the matrix H = {h;;} is negative definite in the sense that
u? Hu < 0 whenever u # 0; note, however, that we do not assume H is symmetric. It’s
not clear whether this distinction is important, but the case of asymmetric H could
arise in cases where the equation ¥,(f) = 0 does not arise from the minimization of

some function of 6.

The canonical example is when v, 1, ...,y , are % times the first-order derivatives
of the negative log likelihood; in that case, holds for any § < %, and 1) with
H the Fisher information matrix. However, for a wide class of estimating equations
that are unbiased (in the sense that E{t, ;(fy)} = 0) we can expect to hold for

B < 1 by the CLT, and (D.35) by the LLN.
Let a € (0,3) and define B, = {0 : [|0 — 6o]| < n™} where || - || is the L? norm.

Then we claim:

Proposition 1. With probability tending to 1 as n — oo, there exists a solution 6.,
of the equations \I/n(én) = 0, such that 0, € B,,.

Proof. The proof relies on Brouwer’s fized point theorem: if B is a ball in p-space

and f : B — B is continuous, then f has a fixed point, i.e. there exists x € B such

that f(z) = x.

The idea of the proof is to show there is a t > 0 such that, with probability tending
to 1 as n — oo, the function f,(0) = 0 — tV,(0) maps B, to itself. If this is true then,
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by Brouwer’s fixed point theorem, there must then exist a én € B (with probability

~

tending to 1) such that ¥,(6,) = 0, proving the desired result.

We use the approximation ¥, (0) =~ ¥, () — ¥,,(6y) ~ H(0 — 6y), and we first prove

a preliminary result about the matrix H. Assume ||u|| = 1 and consider
(I + tH)u|| — |Ju|| = 2tu” Hu + t*v" HT Hu. (D.36)

For any given u we have u’ Hu < 0, so there exists some positive ¢t depending on wu,
call it ¢(u), that minimizes the value of (D.36). But #(u) is a continuous function of «,
defined on the compact set ||u|| = 1, so the minimum of ¢(u) is also positive. It then
follows that for this choice of ¢, there exists 6 < 1 such that ||(I —tH)ul|| < d||ul| for all
u such that ||u|| = 1, and hence by scaling, for all u. Henceforth, this is the value of ¢

we use to define the function f,,.

For a given 6,, such that ||6,,—0o|| < n™%, we write U,,(6,,) = V,,(6o)+ H,.(6%)(0,—0)
where H,(0) is the matrix with entries h,, ; () and 6} is some value of 6 between 6,

and 6,,. Now write

Fal02) =00 = 6, — 0y — 10, (6,)
= (I =tH)(0n —6) — t(Hn(6},) — H) (0 — b) — W (60).

Let E,, be the event [t[|[H,(6;) — H|| < 152 and let F,, be the event [t0,, (6| < 52n~°.
Both E, and F, have probability tending to 1 as n — oo and on E, N F},,

[fn(On) = 0ol < (T = tH)(0n — 60)l| + [¢][|(Hn(0;,) — H)(0n = O0)[| + [£(00)]

o 1=6 . 1-6 _
on “ 4+ ——n*+ n

3 3
2445 _,
3

n
—a

n

IA

A

Therefore, f,(6,) € B,, with probability tending to 1, which is what we were trying to

prove.

Corollary 1. With probability tending to 1, the solution 6, is unique. (In other
words, there is only one solution with the ball B,. The result says nothing about the

possibility of multiple solutions outside B,,.)
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Proof. Let inf,. =1 (—u" Hu) = n > 0. Let G, be the following event:

inf inf (—u’ H,(0)u) >

u: |lul|=10€B,

N3

Because of (D.35)), Pr{G,} — 1. On G,,, if H,(0)u = 0 for any 6 € B,,, we must have

u=20.

Suppose 0, € B, and 0, € B, are two solutions of U, () =0. Then 0 = \Ifn(én) —
U,.(0,) = H,(07)(0, — 6,) for some 0 € B,. On G,, this implies 6, — 6, = 0. The

result follows.

Corollary 2. Suppose we strengthen (D.34)) to
Vi, (6)) -% N[0, J] (D.37)
for some matrix J. Then

v, —0,) - N[o,H 'JH ] (D.38)

Proof. The previous approximations imply that 6, — 6y = —H 10, (00) (1 + 0,(1)).

The result is immediate from this.
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