Chapter 4:
Multiple Regression

Multiple Linear Regression is the extension of simple linear
regression to include many covariates (x variables)

The basic equation for the mean response is either

py(x1,...,zp) = Prx1+ Poxo+ ...+ Bpzp (1)

or
py (21, .., xp) = Bo+ Brx1+ Poxo+ ...+ Bprp  (2)

Nearly all (but not all) practical regression analyses are of
form (2), however (1) is easily transformed into (2) by simply
defining 1 = 1 (and adjusting the value of p).

In multiple regression, there is usually little advantage in re-
placing x by x — x, so we won't do that.



Preliminaries

In this chapter, we won't need to use calculus or any ad-
vanced probability theory or linear algebra, but we note a
few basic facts

Recall the basic rules of matrix multiplication and that a
vector y of dimension n is just a n x 1 matrix (a.k.a. column
vector; if you want a row vector write y1).

One basic but elementary fact is that if A and B are matrices
and the product AB is defined, then (AB)! = BT AT

— Proof: The (4,5) entry of (AB)! is Ypairbr; = Sk briajk
which is also the (i, ) entry of BL AT,
Extension: (A1As...An)! = AL AL ... AT

m—1 -

Remark: we may not need this but another similar result is

that (AB)™! = B~14-1 and by extension (A1A45...4,) 1 =
—14-1 —1

A+ A LA

m “*m-—1"



Trace of a Matrix

o If C is an n xn matrix with entries {¢;;, 1 <i<n, 1 <j <n},
the trace of C'is the sum of the diagonal entries, i.e. >7I"_; c;;.

e Easy but important fact: if A is an n x m matrix and B is an
m x n matrix, tr(AB)=tr(BA).

e Proof: Both traces are equal to 7" 129 1 @ijbji-



Means and Covariances of Random Vectors

T
Suppose y = ( Y1 Yo ...Yn ) is @ random vector of dimen-
sion n (i.e., each of y1,vyo,...,yn iS @ random variable, not
necessarily independent).

Suppose u; is the expected value of y; (i = 1,...,n) and let
v;; be the covariance of y; and y; (i.e. the expected value of
(y; — i) (y; — p;) — if ¢ = j this is just the variance).

T
Let u = ( U1 MU ... n ) and write V for the n x n matrix
whose (i,7) entry is v;;.

Then we say that the random vector y has mean p and
covariance matrix V.

Another way to write V is

Vv = E{o-my-w']
where E{...} is expectation.



Linear Transformations of Random Vectors

Theorem. Suppose y is a random vector of length n with mean
1 and covariance matrix V. Let A be an m xn matrix, and write

z = Ay. Then z is a random vector of length m with mean Apu
and covariance matrix AV AT

Proof. First note that expectation is a linear operator in the
sense that

E{ZZ} = E {Z azjy]} = Zazj,u] = 1th entry of Au
J J
and then, by applying the same result a second time,
E{(z—Aw)(z— AT} = E{A(y— w)(Aly — p)"}
= E{A(y—pw)(y—m"A"}

AE{(y—m)(y — )"} AT
AV AL,



Assumptions for Multiple Linear Regression

o Y = Z?:l x;;8; +e; where e; is “error” . If the model includes
an intercept, set x;; = 1.

e We assume the e; are uncorrelated, have mean 0 and common

variance o2.

T
e Another way to write that is: y = <y1 Yo yn) IS a
random vector with mean X3 and covariance matrix aQIn.

e Later (but not right away), we will also assume that eq,eo,...,en
are (jointly) normally distributed.

T
e We also write e = ( e1 es ...ep ) . Then, another way to
write the equation is

y = XB+e.



Principle of Least Squares

e Choose B8 = ( B1 Bo ...Bp )T to minimize

p

S = Y& =3 - 3 wh)?

’l:]. ’L:l :

T

e Since we also have S = ele and e =y — X1 3, we can also

write that as

S = (y-Xx8)'(y-Xp).



Formula for the Least Squares Estimators

S = (y-XxB8)!'(y-x8) = g'x"x8-2y'xB+y'y.

Consider an expression of the form
glcg—-2vlB4+a = (B-—CcD)YCc(B-C"b)+a—-blCc b

Provided C is non-negative definite (which means that g/ Cg > 0
for any g), the first term is > 0, and equal to 0 if

B3 = C b

Setting a = yly, b= X1y, ¢ = X1X, S is minimized when
B = (xX'x) X'y
and in that case,

S = yly—yIx(xTx)"1xty.



Summary So Far ...
Basic model: y; = Z?:l azwﬁj + e;

Assumptions on ¢;: uncorrelated, mean 0, common standard
deviation o. It's very often assumed, also, that they are
independent with normal distributions.

Matrix representation: y = X3 + e.

Method of least squares: chose 3 to minimize
S=(y-XB8){y-Xxp).

The solution: B8 = (X1X)~1XTy. These are called the
normal equations.

In addition, S =yly — yIX(X1X)"1XxTy.



A Couple of Details

e How do we know C = X1 X is non-negative definite?

Let g be any p-dimensional vector and define q = Xg with entries
qgi, 1=1,...,n.

Then g" X"Xg=q'q=3",¢’ > 0.

)

Therefore, XTX is non-negative definite.

e What if X1 X is not invertible?

This is possible — if there are linear dependencies among the columns
of X, the rank of X will be < p, and in that case, (X7X)~! will not
exist.

It's still possible to solve the normal equations in the form XTX3 =
X"y but the solution will not be unique

Alternatively, use a generalized inverse (recall Chapter 1) but that
doesn’'t actually solve hte uniqueness problem.

The practical solution is to eliminate all covariates that are linear
combinations of other covariates. In nearly all examples in this course,
that will be done ahead of time.
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Properties of the Estimators I

B=(XTX)"1xTy = Ay say.

Therefore, E{B} = AE{y} = AXB = [ because AX

(XTX)"1xTX =1I,.

The covariance matrix of y is o2I,. Therefore, the covari-
ance matrix of B is A(c2l,) AL = 62ATA = 2(XTXx)"1xT.

X(XTx)"1=s2(XTXx)1.

This result will be very important when we come to talk

about tests and confidence intervals later.
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Major Results So Far

Assumption: y = X3 4+ e where e has mean 0 (vector of
zeroes) and covariance matrix 21,

Objective: Minimize S(8) = (y — XB8)L(y — XB).
S(B) is minimized by B8 = (X1 Xx) 1 x71y.
SB) =yly -y X(xXTXx)"1xTy.

Cov(B) = (X1 x)"1s2.

We shall also see (later) that 62 = i(_ﬁp) is an

unbiased estimator of o2.

o multiplied by the square root of the jth diagonal entry of
(X1TX)~tis the standard error of B;, j=1,...,p.
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Example
GPA data on sakai; see text, pages 220, 223, 225, 243

20 students; record GPA after one year of college (y variable),
plus SAT math and verbal scores and high-school GPA in
Math and English

Some terminology: since the college GPA is being treated as
dependent on the other four, we call GPAlyr the dependent
variable and the other four (SAT_M, SAT_V, HS M, HS E)
the independent variables.

We do want an intercept term in this regression, so define X
to be an n x5 matrix, with first column all ones and the other
four columns drawn from the four independent variables.

(1 321 247 230 2.63 )
1 718 436 3.80 3.57
X = | 1 358 578 2.98 2.57

\i 653 666 3.69 3.52)
13



Example (continued)

e Now calculate

( 20.0 10232.0 9565.0 57.1 60.2
10232.0 5759520.0 5084391.0 30707.6 31806.9

X'x = 9565.0 5084391.0 4908617.0 28231.5 29294.3 |,

57.1 30707.6 28231.5 176.7 173.9

\ 60.2 31806.9 29294 .3 173.9 185.6

2.655125 0.001378 —0.000362 —-0.200684 —-0.852128
0.001378 0.000005 0.000000 —-0.000356 —-0.000862
(XTx) ! = —0.000362 0.000000 0.000004 —-0.000195 —-0.000297
—0.200684 —-0.000356 —0.000195 0.117056 0.047219

K —0.852128 —-0.000862 —0.000297 0.047219 0.432052

51.86 0.16155

28199.63 0.00201

Xy = 25825.56 |, (XTx)'xTy = | 0.00125
155.0074 0.18944

159.5413 0.08756

e Side comment. Maybe it would have been better to scale
the variables first, e.g. divide the SAT scores by 100 so that
they are of the same order of magnitude as the GPAs.
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Example (continued)

e \\We can also work out,

141.8188,
140.7373
141.8188 — 140.7373

o = \/ = 0.2685
15

yT?J

and the standard errors are

5v2.655125
5v/0.000005

0.438,
0.0006, (more accurately 0.00058)

etc.

e [ hese matrix operations are easily carried out in R. See code
R-code-Chap-4.txt on sakai.
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Direct Implementation in R

e Now do
1m1=1m(GPAlyr~ -,GPA)
summary (1m1)
Remark. The text “~ . means you regress on all the other variables in
the dataframe GPA. If we wanted only a subset, say SAT _V and HS M,
we would write 1m1=1m(GPAlyr~ SAT V+HS M,GPA).

e Part of output shows

Estimate Std. Error t value Pr(>|t])
(Intercept) 0.1615496 0.4375321 0.369 0.71712

SAT_M 0.0020102 0.0005844  3.439 0.00365 *x*

SAT_V 0.0012522 0.0005515 2.270 0.03835 *

HS_M 0.1894402 0.0918680 2.062 0.05697 .

HS_E 0.0875637 0.1764963 0.496 0.62700

Signif. codes: O ‘**x’ 0.001 ‘*x’ 0.01 ‘x> 0.05 “.” 0.1 ¢ ’> 1

Residual standard error: 0.2685 on 15 degrees of freedom
Multiple R-squared: 0.8528,Adjusted R-squared: 0.8135
F-statistic: 21.72 on 4 and 15 DF, p-value: 4.255e-06

16



Interpretation
The t value is the estimate divided by its standard error

The fourth column gives the two-sided p-value for the null
hypothesis that each coefficient is O

The results show the optimal combination of the four inde-
pendent variables to predict a student’s first-year GPA
— All four coefficients are positive — that’s reassuring, but

not an automatic conclusion from this kind of analysis

The results also show that the coefficients for HS M and
HS E are not statistically significant, though that's marginal
for HS M

Maybe these two variables should be dropped from the
analysis

17



Reminders of Major T heoretical Results

If y has mean u and covariance matrix V, then z = Ay has
mean Ap and covariance matrix AV AL,

For 8 = (XTX) " 1XTy, set A = (XTX)"1X?, mean of 3 is
AXB = (XTX)~1xT.Xp = j, covariance matrix is A(c?I,) AT =
o2 (XTX)1xT .1, X(XTX) "1 =0¢2(XTXx) 1.

Alsoy = X8 = X(XTX)"1xTy = Hy where H = X(XTXx)-1x7
is the hat matrix.

Properties of H: HL = H (symmetric) and
H? = H (idempotent)

Also write 8 = (y — XB8)! (y — XB) (vector of residuals) and
note that y'y = 1y + el'e (Pythagoras Theorem)

18
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Properties of the Estimators 11

, . y \ _ H
Let's write <é>_<I—H>y
I _H)-O'an-<HT I, — HT )

- - B 2 H(I,— H)
—0'2<In_H>(H In_H)_02< (In—H)H (I, — H)? )

(" 0
—9\V o0 1,-H

¥ has cov. matrix c2H, € has cov. matrix o2(I — H), and the
two are uncorrelated (independent if joint normal)

T he covariance matrix is (

In particular, the variance of g, is o2h;; and the variance of &,
is 02(1 — h;;) where h;; or h; is the ith hat value.

This explains some of the terminology of Chapter 3. In par-
ticular, it justifies the definition of r;, = ¢€;/(6+/1 — hy;) as the
standardized residual.
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Properties of the Estimators III
Writee= (I, — H)y = (U, — H)(y — X3) (because HX = X)

ve2=ele=(y—XB8)'Un—-H)!'(Un— H)(y — XB)
= (y - XB8)'(In— H)(y — X8)
=tr{(In — H)(y — XB)(y — XB)*T}. (Recall tr(AB)=tr(BA))

Trace ("tr'") is a linear operator, hence
Eltr{(In — H)(y - XB)(y — X3)'}]

= tr{(In — H)E[(y — XB)(y — XB)']}
= tr{(In — H)o?I,} = o2{tr(I,) — tr(H)}

But, tr(I;) =n and tr(H) = tr(X(X1x)~1x1)
=tr((XTX)"1XTX) = tr(Ip) = p.

Therefore, E{>é?} = (n — p)o?, and hence

=2
—~ (o . . .
52 = %—_; is an unbiased estimator of 2.

This explains why we always correct for degrees of freedom
when estimating o.

21



Application to Simple Linear Regression

1 z1—=x
Assume X = 1 :1;2:—:1; . Then XTXz(g’ SSX)
1 z,—=x
H=X(XTX)"1x7T
(1 xl—;z\
|1 -z L0 1 1 ... 1
I F 0 s%x 1 —T Xo—T ... Tp—7T
\1 a:n—x)
(1 xl—i\
|1 oz—= ( %_ %_ %_)
\1 CCn—$/
1 (r1—=x 1 (z:—7)(x2—17T) 1 (z:—7)(x,—T)
(1 Z Bg@( ) Jlr @w: 1+(x G-
— "|' SSX . T 95X st SSX
| | @@ 1 @) 1 (5
\E"‘ SSX + SSX + SSX

In particular, hy; = H -+ (gg;fg . exactly as in the Chapter 3 formulas.
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Recall GPA Example

e Fit multiple regression in R:
1m1=1m(GPAlyr~ -,GPA)
summary (1m1)
Remark. The text “~ . means you regress on all the other variables in
the dataframe GPA. If we wanted only a subset, say SAT _V and HS M,
we would write 1m1=1m(GPAlyr~ SAT V+HS M,GPA).

e Part of output shows

Estimate Std. Error t value Pr(>|t])
(Intercept) 0.1615496 0.4375321 0.369 0.71712

SAT_M 0.0020102 0.0005844  3.439 0.00365 *x*

SAT_V 0.0012522 0.0005515 2.270 0.03835 *

HS_M 0.1894402 0.0918680 2.062 0.05697 .

HS_E 0.0875637 0.1764963 0.496 0.62700

Signif. codes: O ‘**x’ 0.001 ‘*x’ 0.01 ‘x> 0.05 “.” 0.1 ¢ ’> 1

Residual standard error: 0.2685 on 15 degrees of freedom
Multiple R-squared: 0.8528,Adjusted R-squared: 0.8135
F-statistic: 21.72 on 4 and 15 DF, p-value: 4.255e-06
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Compare Text Results in Minitab and SAS
(pages 243-5)

ExHiBi1T §.4.1
MINITAB Output for Regression Analysis of Data in Table 4.4.3

The regression equation is

GPA = 0.162 + 0.00201 SATmath + 0.00125 SATverb +

0.189 HSmath + 0.088 HSengl

P
0.717

0.004
0.038
0.057
0.627

Predictor Coef Stdev t-ratio
Constant 0.1615 - 0.4375 0.37
SATmath 0.0020102 0.0005844 3.44
SATverb 0.0012522 0.0005515 '2.27
HSmath 0.18944 0.09187 2.06
HSengl 0.0876 0.1765 0.50
s = 0.2685 R-sq = 85.3% R-sq(adj) = 81.4%

Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Prob>F
Model 4 6.26432 1.56608 21.721 0.0001
Error 15 1.08150 0.07210
C Total 19 7.34582
Root MSE 0.26851 R-square 0.8528
Dep Mean 2.59300 Adj R-sq 0.8135
c.V. 10.35535
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 0.161550 0.43753205 0.369 0.7171
SATMATH 1 0.002010 0.00058444 3.439 0.0036
SATVERB 1 0.001252 0.00055152 2.270 0.0383
HSMATH 1 0.189440 0.09186804 2.062 0.0570
HSENGL 1 0.087564 0.17649628 0.496 0.6270
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We could decide to drop HS E

> 1m2=1m(GPA1lyr~SAT_M+SAT_V+HS_M,GPA)

> summary (1m2)

Estimate Std. Error t value Pr(>|t])

(Intercept) 0.3342498 0.2587474 1.292 0.214776

SAT_M 0.0021849 0.0004553 4.799 0.000197 *x*x*

SAT_V 0.0013123 0.0005252 2.499 0.023738 *

HS_M 0.1798702 0.0876786 2.051 0.056964 .

Signif. codes: 0 “**x’ 0.001 ‘**x’ 0.01 ‘%’ 0.05 “.” 0.1 ¢ * 1

Residual standard error: 0.2621 on 16 degrees of freedom

Multiple R-squared:

0.8504,Adjusted R-squared: 0.8223
F-statistic: 30.31 on 3 and 16 DF,

p-value: 7.816e-07

Compared with earlier fit, the Multiple R-squared has gone down, but the
Adjusted R-squared has increased (0.8223 v. 0.8135). We shall discuss these

later.
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Residual Plots (Section 4.5 of text)

Standardized residuals by formula r; = Ci same as in

ov/1—hy'
simple linear regression
Range in this case is —1.90 to 2.25 — nothing unusual

Plot standardized (or unstandardized) residuals against
— Any of the variables included in the model
— Any other variables not included in the model

— Fitted values

QQ (or rankit) plot — R function qgnorm. A straight line
indicates good fit to normal distribution.

Or: try plot(1lml)
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Residuals

Alstandardized residuals!

08

02 00 02 04

04

1.5

1.0

05

00

Residuals vs Fitted

14
o]
[s]
[
\
=] - s} oc
o]
o o o
o]
©12 50
T T T T
15 20 25 3.0
Fitted values
IM{GPA1yr~ )
Scale-Location
140
20

fale) =]
o]
o]
T T T T
15 20 25 30
Fitted values
IM{GPA1yr~ )

Standardized residuals

Standardized residuals

-1

2

A

2

28

Narmal Q-Q
140
o__.
o B
-
oo
oD
e O
o e
012
o2
T T T T
2 -1 0 1 2
Theoretical Quantiles
IM{GPA1yr~ )
Residuals vs Leverage
014 e e
9o T
o]
o [
2 o e
o] \,_,—~————
o] o o
o]
. e
R o A 2% e
Cook's distance I U
| T T T T —
00 01 02 03 04 05
Leverage
IM{GPA1yr ~ )



Authors’ Recommendation

When performing a multiple linear regression analysis of a set of data
QX secs Xy gdeees Opo Xp 1o+ - -2 X y)s We suggest that you include the
following steps.

1

2

Obtain the standardized residuals r; and the fitted values /i (x; 10 -5 X )5
denoted here by /&, for ease of notation.

Plot 7; against i, and also r; against x; ; forj = 1, - - -, k. Examine these plots
for evidence of unequal subpopulation variances or an incorrect model.

Obtain a rankit-plot of r; to evaluate the validity of the assumption that each
subpopulation of ¥ values is a Gaussian population.

If you wish to examine the validity of assumptions (B) and the data are
obtained by simple random sampling, then examine the Gaussian rankit-
plots of y,, Xigsesen and X; ko and several linear combinations of these, to
assess whether or not the data appear to be a simple random sample from a
(k + 1)-variable Gaussian population.

Make an overall evaluation of the validity (at least approxﬁnately) of assump-
tions (A) or (B) within the context of the particular application in question.
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Confidence and Prediction Intervals
(Section 4.6 of text)

In these examples, we assume there is an intercept and write

the model in the form py(z1,...,2p) = Bo + Z?:l Bz with

p + 1 parameters.

We may be interested in any of

— B, for any of j =0,1,...,p

— py(x1,...,zp) for any given z1,...,xp

— A linear combination of the form E?:o ajfB; for any con-
stants ag,aq,...,ap. Also write this as a’ 3.

However the first two cases may be derived from the third,
SO we concentrate on that.

My notation differs slightly from the text, specifically in using
p rather than k for the number of regressors and 3 =0,...,p
for the parameter indices.
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General Approach
If 9 = al 3, then a suitable estimator is § = al 3.
The variance of 0 is c2al(XTX) 1a

If, in addition to the assumptions made so far, the original er-
rors {e;} are independent and normally distributed with means

0O and common variance 02, then 6—6 ~ bty o 1.
gval(xTx) 1a n—p-1

The quantity &\/aT(XTX)—la is called the standard error of
6, abbreviated se.

A 100(1 — a)% confidence interval for 0 is given by
@iqt(l—g,n—p— 1) - se.

Comment: degrees of freedom is n—p—1 (rather than n—p)
because we must also account for the intercept.
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Prediction Intervals

Here, we confine ourselves to 6 of the form Bo—I-Z?:l xjB; where x1,...,x,
are the covariates of a new observation. However, for convenience I will
still write § = a3 where ap =1 and a; =z, for j =1,...,p.

The problem is to predict Y = 6 + e where e is the random error asso-
ciated with the new observation. We assume e ~ N[0,0] — the same
distribution as the past errors, but independent of them.

Point predictor Y = 0 where 6 = a’.

Y —Y =80 —60—e has variance o2(a’(XTX) a4+ 1) where the 41 is what
distinguishes a prediction interval from a confidence interval.

The prediction standard error is pse = 5+y/al (XTX) la+ 1.

A 100(1 — a)% prediction interval is given by + ¢t (1 —%,n—p— 1) - pse.
In R: use predict.lm function, similar to single regressor case.
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Confidence/Prediction Interval Example

In GPA dataset, consider a student for whom SAT M=601,
SAT V=497, HS M=2.98, HS E=3.01.

1. Find a 99% confidence interval for the mean first-year GPA
of all students with this profile.

2. Find a 90% prediction interval for the first-year GPA of this
particular student

3. Estimate the probability that this particular student has a
first-year GPA greater than 3
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Solution to Part 1

Fir§t create new dataframe, then calculate a, the point predictor
al3, and se. Recall V = (x4 x)-1.

GPAl=data.frame (SAT_M=601,SAT_V=497 ,HS_M=2.98,HS_E=3.01)
a=as.numeric(c(1,GPA1))

pred=as.numeric(t(a) %*% betahat)
se=as.numeric(sighat*sqrt(t(a) %*% V %*J% a))
pred+c(0,-1,1)*qt(0.995,15)* se

Result: [1] 2.820101 2.595133 3.045069

Alternatively, use predict.lm:

> predict.lm(1lml,newdata=GPAl,interval=’confidence’,level=0.99)
fit lwr upr
1 2.820101 2.595133 3.045069

The predicted value is 2.82 and the 99% confidence interval is
(2.59,3.05)
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Solution to Part 2

The main difference is to use pse in place of se.

a=as.numeric(c(1,GPA1))

pred=as.numeric(t(a) %*% betahat)
pse=as.numeric(sighat*sqrt(1+t(a) %*% V %*x% a))
pred+c(0,-1,1)*qt(0.95,15)* pse

Result: [1] [1] 2.820101 2.330725 3.309477

Alternatively, use predict.lm:

> predict.lm(1lml,newdata=GPAl,interval=’prediction’,level=0.90)
fit lwr upr
1 2.820101 2.330725 3.309477

The predicted value is 2.82 and the 90% prediction interval is
(2.33,3.31). Note that the 90% prediction interval is wider than
the 99% confidence interval.
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Solution to Part 3

If the future value is Y, we have Y ~ N[0,0] and also 8 ~
N[0,0vVal'Va] (independent), so Y — 8 ~ NJO, a\/l + al'val.

Y -0

~t 1.
v1talva "1

We can estimate Pr{Y > y*} as Pr{

Hence

Y —0 y*—0 }
>
v 14+alva  &v1+4alva

pt ( Y0 —p — 1, lower.tail = F)

In this case (with y* = 3) the R code gives

> pt ((3-pred)/pse,15,lower.tail=F)
[1] 0.2645123

There is about a 26% chance that the student’s first-year
GPA will be greater than 3.
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Hypothesis Tests (Section 4.7 of text)

e [ he usual caution: generally, confidence intervals are more
informative than hypothesis tests (but can you explain why?)

e The generic problem: define 8 = al’3 for some given vector
a, test Hy : 6 = 0p against one of (a) H1 : 6 # 0, (b)
Hi: 6 >060q, () H : 6 <0,.

e Comments:

— Case (a) is called two-sided, cases (b) and (c) one-sided

— In case (b), the text writes Hpy : 6 < 6g (and similarly, in
case (c¢) it writes Hp : 0 > 0p) but the notation I've used
here is the more usual formulation and, in my opinion,
easier to handle

— The case where § = 3; forone of j =0,1,...,pis a special
case but of particular interest — note that the standard
R printout (or SAS, or Minitab) includes the two-sided
p-value for each Bj so this is immediately available
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Example (Page 279 of text)

GPA dataset: let 8 be the mean first-year GPA of all stu-
dents for whom SAT M=594, SAT V=665, HS M=3.42,
HS_E=2.70. Test Hp: 6 = 2.5.

R code:

GPA2=data.frame (SAT_M=594,SAT_V=665,HS_M=3.42,HS_E=2.70)
a=as.numeric(c(1,GPA2))

pred=as.numeric(t(a) %*J), betahat)
se=as.numeric(sighat*sqrt(t(a) %*%h V %*% a))

# t statistic for a hypothesized value of 2.5
tc=(pred-2.5)/se

print(c(pred,se,tc))

The t statistic is 4.008

We can compute the p-value as either pt(tc,15,lower.tail=F)
(one-sided) or 2*pt(tc,15,lower.tail=F) (two-sided) — re-
sults are respectively 0.00057 or 0.00114.

Either way, the result is highly significant.
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Analysis of Variance (Section 4.8)
Recall from slide 8: S =yly —yIX(XTX)"1Xx1y.
Rewrite that in the form: Y &2 = Y y2 — 3 77,

In practice, we nearly always fit regression models including
an intercept, and in that case, the formula may be rewritten

as: Y e2 =Y (yi— )% —>@ — 1)
We can also write this in the form: SSE = SSY — SSR.

See page 284 of the text, but as far as I can tell, they never
give the formula SSR = Y(§; — §)°
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Analysis of Variance, Page 2

To test Hy: By = B = ... = Bp = 0 against the alternative
Hy that at least one of §1,082,...,08p IS not zero
(note: the hypothesis doesn’t assume Bg = 0)

Calculate SSE, SSR, MSE = 25E_ NSR = 55K

n—p—1’ p
F— MSR
¢ — MSE-

If}ﬂgistrue,}%7AJth_p_1.

For a test of significance level «, reject Hg if
Fe>qf(1—a,p,n—p—1).

Alternatively, calculate the p-value as
pf(Fo,p,n —p— 1, lower.tail = F).
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The Analysis of VVariance Table

TaBLE §.0.1
ANOVA for Multiple Linear Regression

Degrees of Sum of Mean Square Computed
Source Freedom (df) Squares (SS) (MS) F-Value
L] MsR
Regression k SSR MSR Fo= -0
MSE
Error n—k-—1 SSE MSE

Total n—1 SSY MSY
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Example
GPA data, as in several earlier examples
Fit Im1=1m(GPAlyr~.,GPA) and summary(lml)
Residual standard error: 0.2685 on 15 degrees of freedom

Multiple R-squared: 0.8528, Adjusted R-squared: 0.8135
F-statistic: 21.72 on 4 and 15 DF, p-value: 4.255e-06

sum( (Im1$fitted-mean(Imi$fitted)) ~2) and sum(1lmiSresidual~2)
vield SSR = 6.264321 and SSE = 1.081499

Alternatively, SSY = Y (y; — §)2 = 7.34582 so
SSR = 7.34582 — 1.081499 = 6.264321.

F = 6:264321 /1.081499 _ 51 72097

pf(21.72097,4,15,lower.tail=F) yields 4.254795e-06.
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ANOVA Table

Source df SS MS F-ratio

Regression | 4 | 6.264321 | 1.56608 | 21.7209
Error 151 1.081499 | 0.072100
Total 19 | 7.34582 | 0.386622
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Multiple R-squared and Adjusted R-squared

2 _ SSR __ SSE
R®= g5y = 1— gy
R?2 has various other names including “multiple correlation
coefficient” and ‘“coefficient of determination”. The general
idea is that the closer R? is to 1, the better the model fit
(note: always 0 < R2< 1).

The adjusted R-squared value is R2 =1 — (éﬁgiifggy

=1 — %—glE, This is sometime referred to as corrected for
degrees of freedom (here, the model includes an intercept so
the degrees of freedom for SSE isn—p—1).

: 2 __ 1.081499 __
In preceding example, R< =1 — 534555 — 0.8527736,

R2 =1 — 13X1LO81499 — 0.8135132.
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Comparing Nested Models

e Section 4.9 of the text, but my treatment differs substantially
from the text's
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Example
e GPA data again, fit 1m1 as above, but also

e 1m0=1m(GPA1yr~SAT_M+SAT_V,GPA)

summary (1m0)

Estimate Std. Error t value Pr(>ltl)
(Intercept) 0.5071417 0.2667266 1.901 0.0743 .
SAT_M 0.0026056 0.0004432 5.879 1.82e-05 *x*x*
SAT_V 0.0015741 0.0005555 2.834 0.0115 =x*

Residual standard error: 0.2858 on 17 degrees of freedom
Multiple R-squared: 0.811, Adjusted R-squared: 0.7888
F-statistic: 36.47 on 2 and 17 DF, p-value: 7.079e-07

e Is 1m0 better or worse than 1m17?
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Comparing two models using R-squared

> SSR _ SSE
R = g5y =1— %55y

If we drop parameters from a model, SSE always goes up
but SSY does not change

Therefore, R? from 1m0 must be less than from 1mil
However, R2 could increase when we decrease p

In this case it doesn't, so 1m0 is still worse — but that's not
the only criterion
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The F test for nested models

Think of 1m0 as the null hypothesis (Hp),
1m1 as the alternative hypothesis (H1).

Under 1m1: SSE; = (n—py — 1)67 with df =n—py — 1
Under 1m0: SSEg = (n —pg — 1)63 with df =n —pg — 1
SSEg > SSE{andn—pg—1>n—p1—1

Calculate _ SSEp—SSEy /| SSEq

SSEqg—SSFEq and SSFE1 hence F. =
P1—P0 n—p1—1 P1—P0 n—p1—1
If Hg is true, then Fe~ Fp, pon—p—1

Reject Hg if F, is too large
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Solution for GPA Data
&1 = 0.2685 with df = 15, SSFE{ = 15 x 0.26852 = 1.081

69 = 0.2858 with df = 17, SSEy = 17 x 0.28582 = 1.389

SSFEo—SSFEy _

SSE; __
St =0.0721

__ 0.154 __
Fe = 55951 = 2-130
P-value is p£f(2.136,2,15,1lower.tail=F)=0.153
Do not reject Hy

Check with anova(1m0O,1m1)
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Example Based on MT2 Question 3(d)
e File "gifted.txt” (data frame gif)

1ml1=I1m(score™.,gif)
1mO=1m(score~fiq+miq+agel+agel0,gif)
summary (1m1)

Residual standard error: 2.785 on 28 degrees of freedom
Multiple R-squared: 0.6839, Adjusted R-squared: 0.6049
F-statistic: 8.655 on 7 and 28 DF, p-value: 1.227e-05
summary (1mO)

Residual standard error: 2.819 on 31 degrees of freedom

Multiple R-squared: 0.6415, Adjusted R-squared: 0.5952
F-statistic: 13.87 on 4 and 31 DF, p-value: 1.362e-06

e Test the hypothesis Hp that model 1m0 is correct, against the
alternative 1mi

e Try to do this for yourself before looking at the next slide
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Solution
&1 = 2.785 with df =28, SSE{ =28 x 2.7852 = 217.17

60 = 2.819 with df = 31, SSEy = 31 x 2.8192 = 246.35

SSEg—SSE1 _ g 797

31-28
SSEy __ 217.17 __
o1 =201 = 7756
F.= 3212l =1.254

P-value is pf(1.254,3,28,1lower.tail=F)=0.309
Do not reject Hg

Check with anova(1m0O,1m1)
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Summary

There are various ways of comparing two models — directly from the
parameter estimates, residual plots, tests of normality, etc. The criteria
discussed here apply only when both models seem plausible fits to the
data

Multiple R-squared (R?) always favors the larger model when the two
models are nested

Adjusted R-squared (R?) may favor the smaller model, but it's only one
of several criteria

For comparing two models that are nested, used the F test described on
the previous two slides

If the models are not nested or if there are more than two models to
compare, things are more complicated ...

Later in the course, we shall see several other criteria for comparing
models, e.g. AIC, BIC, Mallows’ C,, and other ways to select the best
model, e.g. ridge regression and the lasso
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