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Summary

Many problems of statistics are naturally formulated in terms of the predictive distri-
bution of an as yet unobserved random variable, rather than the more traditional questions
of parameter estimation and hypothesis testing. Both frequentist and Bayesian approaches
to predictive inference may be considered, but it is argued that the Bayesian approach is
more general and flexible. This leads us to consider the frequentist properties of Bayesian
procedures. A second-order asymptotic theory is developed, for comparing the risks of
different procedures under a variety of loss functions. Particular attention is paid to the
tails of the predictive distribution. This leads to some surprising but general conclusions.
The usual Bayesian method may well be inferior to a crude maximum likelithood “plug-in”
approach, but in most cases the comparison is reversed with a more general specification
of the Bayesian procedure. An extension is outlined to empirical Bayes problems. The
classical James-Stein theorem is reinterpreted as an asymptotic result about the properties
of Bayesian procedures, and it is shown how the same ideas may be applied to a general
class of Bayesian hierarchical models.

1 INTRODUCTION

We begin with two real-data examples, intended to illustrate the need for a theory of
predictive inference, and to demonstrate the practical efficacy of a Bayesian approach.

Fig. 1.1(a) shows the five best performances by different athletes in the women’s 3000
metre running event, for each year from 1972 to 1992. The dotted lines connect up the
annual minima. The final (right-hand) point of the plot is the remarkable record achieved
by the Chinese athlete Wang Junxia in 1993. Many questions were raised about Wang’s
record, in particular whether she could have been taking illegal drugs. However neither
Wang herself nor any member of her training group ever failed a drugs test, so the only
evidence for such an assertion is that the record itself was too good to have been achieved
by normal training methods.
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Robinson and Tawn (1995) proposed a statistical test. They fitted models based on
extreme value theory to the five best performances in each year, including an exponentially
decaying trend, and obtained confidence intervals for x,j, a parameter representing the
best possible long-term performance. They did this for a number of models, but in every
case, the 95% confidence interval for z,;; included Wang’s performance. Thus, while their
analysis strengthened the assertion that Wang’s record was very unusual — which might
be interpreted as indirect evidence of drug use — it failed to provide conclusive evidence
that Wang’s performance was inconsistent with previous data.

Smith (1997a) argued that a more appropriate formulation of the problem is in terms
of the predictive distribution of the best performance for 1993, given the years 1972—
1992. Although Smith considered both Bayesian and frequentist approaches, the Bayesian
method apparently yielded more satisfactory answers. Let Z denote the (as yet unobserved)
best performance for 1993, and consider the conditional distribution of Z given that a new
record is set. Thus define G(z;0) = Pr{Z < z | Z < zp;0} where z(= 502.62) is the
existing record and 6 are the unknown model parameters. Then the standard Bayesian
definition of the predictive distribution function (Aitchison and Dunsmore, 1975) is

G(z) = / G(z;0)7(0]X)d. (1.1)

Here 7(+|-) is the posterior density of 6 given observed data X. The analysis was simplified
by fitting a model without trend to the data from 1980 onwards. In this context, the model
is equivalent to assuming a three-parameter Weibull distribution for the best performance
in each year, but fitted to the five best performances. An uninformative prior distribution
was taken. The resulting G(z) is shown in Fig. 1.1(b). In particular, from this we read off
that for z = 486.11, which was the actual record achieved by Wang, we have é’(z) ~ 0.0006,
a slight revision of the value .00047 quoted in Smith (1997a). Looked at from this point
of view, it indeed appears that Wang’s record was extremely unusual.

Bayesian statisticians sometimes argue that it is more meaningful to look at the full
posterior distribution of a quantity of interest than any single summary value such as the
posterior mean. However, in the present case it is hard to see how one would use the
additional information. The quantity of interest is ¢ = (G(486.11;60) and the posterior
probability that ¢ = 0 1s .925. Given ¢ > 0, the posterior density of —log ¢ is as in Fig.
1.1(c). The mode of this density is at —log ¢=6 (¢=.0025) but there seems no reason to
quote this as the “Bayes estimator”.

There are a number of other issues such as whether it was really correct to ignore the
trend, a very reasonable point raised by Robinson and Tawn in their reply to Smith (1997a),
but the main focus of the present paper is on broader theoretical aspects of this kind of
analysis. In particular, it seems highly pertinent to ask whether the quoted predictive tail
probability of .0006 has any interpretation in terms of long-run frequency properties of the
procedure.



For our second example, Fig. 1.2(a) depicts, on a logarithmic scale, 425 large insur-
ance claims made against a company over a 15-year period. Once again there are many
questions over an appropriate model for such data, and Smith (1997b) considers a number
of alternatives. The present discussion, for illustrative purposes, is based on the simplest
form of model for exceedances over thresholds developed by Smith (1989) and Davison
and Smith (1990). We fix a threshold v = 5, over which there are 73 exceedances. The
exceedance times are taken to form a Poisson process with constant rate A, estimated as
A= 73/15 = 4.87. The excesses over the threshold are taken to follow a generalised Pareto
distribution (GPD) with distribution function

fa\ 175
P =1-(1+£) 7 Lz (12)

where ¢ is a shape parameter. The maximum likelihood estimates are ;/A) = 6.3, é = 0.89.
If¢> % the variance of the claim size is infinite, and indeed we are close to the value £ =1
for which the mean becomes infinite. The estimate of £ is reduced somewhat if mixing over
different claim types is taken into account (Smith 1997b), but even so, this is an extremely
long-tailed distribution, though no more so than appears to be typical in the insurance
industry.

In this case the relevant question for the company appears to be, “How much of a
financial reserve is needed to cover all insurance losses (with specified probability) over the
next N years?” This is again a question about a predictive distribution, rather than the
value of any particular parameter, and in Smith (1997b) it was answered by combining
Bayesian estimation of the parameters with Monte Carlo simulation of the distribution of
total cumulative claim. For the present discussion, we confine ourselves to the computa-
tionally simpler question of determining the predictive distribution of Z, defined as the
largest claim over a ten-year period. The distribution function of the annual maximum
and hence that of Z may be written down explicitly (equation 9.1 of Davison and Smith,
1990) and Fig. 1.2(b) shows the Bayesian predictive distribution of Pr{Z > z}, computed
exactly as in (1.1) except for the change in direction of the inequality. The Bayesian
approach taken here differs sharply from the usual actuarial approach to such problems,
which is much closer to the “plug-in” method (equation 1.3 below).

There are a number of other recent examples of predictive inference for extreme-value
problems (Coles and Powell 1996, Coles and Tawn 1996), but the foregoing examples are
intended to illustrate some points of a more general nature:

1. Many statistical problems are more meaningfully formulated as being about the
predictive distribution of some unobserved random variable than about tests of hypotheses
or parameter estimates.

2. The Bayesian approach to prediction problems, as in (1.1), is simple, powerful and
flexible. However this does raise questions — for Bayesians as well as frequentists — about
what properties this procedure has.



The simplest form of non-Bayesian procedure is the “plug-in” approach where esti-
mates are substituted for unknown parameters. If the estimates are maximum likelihood
then we call this the MLE approach:

~

G’MLE(Z) =G(z;0) (1.3)

where 6 is the maximum likelihood estimator of 6. Although this is widely criticised for
taking no account of the uncertainty in estimating 6, it should be pointed out that since
G(z;0) is (for fixed z) simply a nonlinear function of 6, (1.3) us the maximum likelihood
estimator of G(z;0), so it may not be all bad. On the other hand Cox (1975) pointed out
that prediction intervals based on G’MLE(Z) will typically have coverage probabilities that
are too small, compared with their nominal values derived under the assumption that
is known, and the main point of his contribution was to derive an asymptotic formula to
correct this.

There is an extensive literature on Bayesian approaches to predictive inference, well
represented by Geisser (1993). Barndorff-Nielsen and Cox (1994, pp. 316-317) have de-
scribed a number of non-Bayesian approaches, but most of these are available only under
specialised circumstances. Butler’s (1986) predictive likelihood depends on the existence
of a low-dimensional sufficient statistic. There is an exact approach due to Cox (1975),
also discussed on p. 242-245 of Cox and Hinkley (1974), but this requires the existence of
an exact similar test for the equality of the parameters determining the distributions of X
and Z. A third method requires an exact pivotal statistic. None of these is applicable to
the kinds of parametric families we have considered here. Thus, the asymptotic approach
of Cox (1975) appears to be the only one which has any hope of applicability to our prob-
lems. There is also an asymptotic variant on Butler’s approach due to Davison (1986),
not requiring sufficient statistics, but Davison’s approach would be more accurately de-
scribed as an approximate Bayesian method and so leads us anyway into questions about
the properties of Bayesian methods.

There is an extensive and growing literature on comparisons between Bayesian and
frequentist procedures. Much attention in particular has been given to the question of
constructing Bayesian interval estimates of parameters which achieve good coverage prob-
ability in the conventional frequentist sense. The classical results of Welch and Peers
(1963), Welch (1965) and Peers (1965), together with Stein (1985), have been supple-
mented by many new results in recent years, for example Tibshirani (1989), Ghosh and
Mukerjee (1992, 1993), Nicolau (1993), Efron (1993, 1996), Mukerjee and Dey (1993),
Datta and Ghosh (1995), Datta (1996). One paper of particular interest is that of Liseo
(1993), who argued through a series of examples that procedures based on the reference
prior approach of Berger and Bernardo (1992) have superior frequentist properties to those
based on a Jeffreys prior or on various forms of conditional inference. For reviews covering
both these and other aspects of the Bayes-frequentist link, see Reid (1996) and Sweeting
(1996). Within this literature, however, comparatively little attention has been given to
predictive inference. By analogy with Welch-Peers and their successors, one could derive
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conditions under which Bayesian predictive distributions have asymptotically correct fre-
quentist coverage probabilities, thus achieving by Bayesian means what Cox (1975) sought
to achieve with an asymptotic correction, but one of the points of the present paper is to
argue that this is too narrow a viewpoint by which to assess predictive procedures. An
alternative approach was introduced by Aitchison (1975), who used Kullback-Leibler dis-
tance as a measure of how well the predictive density of Z approximates its true unknown
density. This idea has been recently extended by Komaki (1996), who used differential ge-
ometric means to derive an optimal perturbation of the plug-in estimator. He also gave an
asymptotic expansion of the Bayesian predictive density. By combining both results, it is
possible in principle to compare different Bayesian predictive distributions from the point
of view of Kullback-Leibler distance. However, the examples he gave were very limited,
and his differential geometric approach seems harder to apply than the direct expansion
in terms of cumulants of the log likelihood given in Section 3 of the present paper.

The plan of the rest of the paper is as follows. Section 2 develops detailed results for a
particular problem, the one-parameter exponential distribution. This shows in particular
that the usual definition of Bayesian predictive distribution might not be optimal for some
natural criteria, and raises the question of whether such results might be true for more
general models. These questions are explored in detail in Sections 3 and 4, where an
expansion for a general parametric family is derived, and applied to the tail probabilities
of the predictive distribution. Section 5 discusses the Poisson—GPD model used for the
insurance example. Sections 6 and 7 discuss applications to empirical Bayes problems and
hierarchical models, and Section 8 contains concluding discussion. To avoid interrupting
the text with detailed derivations, all the more intricate calculations of the paper are
deferred to a series of technical appendices.

2 PREDICTION BASED ON THE EXPONENTIAL DISTRIBUTION

In this section, a detailed theory is developed for the one-parameter exponential distri-
bution. This is an appealing example to consider because both Bayesian and conditional
frequentist formulae may be computed explicitly, and this greatly simplifies theoretical
comparison of the procedures. The exponential distribution is also of practical relevance
to the problem of exceedances over a high threshold, since it arises as a limiting case of
(1.2) with £ = 0, and there is a long history of the exponential distribution being applied
to exceedance data on either the original or a logarithmic scale (Davison and Smith 1990).

Let Xi,...,X, be independent and identically distributed (i.i.d.) from the density
Be=% x> 0, where # > 0 is an unknown parameter. Let S, = X; + ... + X,,; the MLE
of 8 is 6 = n/Syp. Let Z denote some hypothetical future value derived from the same
distribution. If € were known, then the exact predictive distribution for Z would be given
by Pr{Z > z} = &(2;6) = ¢=% for each z. We seek an estimator {qg(z), z > 0} which
approximates {¢(z;6), z > 0} as closely as possible, in some suitably defined sense. We
shall concentrate primarily, though not exclusively, on a mean squared error criterion: an
estimator is good if E{(qg(z) — ¢(2;0))*} is small. Where there is no ambiguity about the
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value of z being considered, we shall simply write ¢ in place of e and qg for an estimator

of ¢.
The simplest and most obvious estimator is the “plug-in” estimator:

QEMLE = e 9%, (2.1)

A second estimator is Bayesian. With gamma prior, 7(6) o< 82~ 1e=A? for § > 0, the
posterior distribution of 6 is gamma with parameters («a, ) replaced by (a + n, 3 + Sy),
so the posterior mean of ¢ is

Sn a+n
b+ ) . (2.2)

¢BAY,0 = <m

The reason for the suffix 0 will appear shortly. The limiting case & = 3 = 0 is the Jeffreys
prior and therefore of particular interest.

A third approach is based on the fact that W = Z/(Z + S,,) has density n(1 — w)"~!
on 0 < w < 1, which is known exactly and does not depend on 6. One consequence of
this is that if we fix p € (0,1) and choose constants @ and b such that 0 < a < b <1 and
(1—a)"—(1=0)" = p, then (aS, /(1 —a),bS,/(1—0)) is an exact 100p% prediction interval
for Z. We also note that Pr{Z > tS,} = (1 4+ ¢)7" for each t > 0; substituting z = t5,,
it therefore seems reasonable to write (1 4 z/5,)™" as an estimator of ¢; this is exactly
the Jeffreys version of (2.2). The connection is not accidental, because what we have done
is equivalent (in this special case) to Fisher’s (1934) derivation of an exact conditional
distribution given the maximal ancillary statistic of a location-scale family, which has long
been known to be operationally equivalent to Bayesian analysis under a Jeffreys prior. The
method may also be derived as Cox’s (1975) exact method, or more simply by noting that
W is pivotal. Thus, this is a case where the various frequentist approaches mention in
Section 1 do work, and apparently agree with the Bayesian approach with Jeffreys prior.

Thus from both Bayesian and frequentist viewpoints, the estimator (2.2) with o = =
0 seems superior to (2.1). The following argument, however, shows that the comparison is

not so straightforward.

By writing S, = n/é and Taylor expanding flog(quAyp) about 6z, one deduces that

- 7 1 - 14 - 1
Spavo =€ " {1 + — (—Oz92 + 59222 + ﬂ922> + 0 (—) } : (2.3)
n

n2

Both qAﬁMLE and QBBAY,O are therefore of the form

qg = e_éz {1 + % <Aéz + Bé222> + 0 (%)} (2.4)

n
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for constants A and B, possibly depending on z, but not on 6 or 6.

Our main result in this section is that, for (2.4),

92226_292 92226_292

E {(qz _ qs)?} - + 2 4(A,B,62)+0 (%) : (2.5)

n n

where, writing y in place of 8z,
7
¢(A,B,y) =5—4A+ A® —y(T+ 6B — 2AB — 34) + <32 + 3B + 1) : (2.6)

The leading term in (2.5) is the asymptotic variance of the MLE and this term will be
present in all expressions of this nature. Therefore, for sufficiently large n, the comparative
performance of different estimators is determined by the function ¢(A, B,y). For qAﬁMLE
we have A = B = 0 and therefore

. 7
(A By) =¢" =5-Ty+ 7y
For QEBAY,O with « = f =0, we have A =0, B = % and so

7
q(A,B,y) =qo =5— 10y + §y2-

Thus gy < ¢* if and only if y < %, or ¢ > e '2/7 =(.1801. In other words, quAyp indeed
outperforms QEMLE for moderately large values of ¢, but QEMLE performs better when the

true value of ¢ is small (<.1801). Since a part of our interest is in cases when ¢ is very
small, this is a disturbing conclusion.

It is of course possible to consider the effect of other prior parameters o and 3, but
this does not resolve the fundamental difficulty. In this case A and B are replaced by —«
and % + 8 respectively. However for large z, the behaviour of ¢y is still dominated by
the term §y2, which is larger than the corresponding term %yz in the expression for ¢*.
Therefore, for any « and 3, we will have gy > ¢* for all sufficiently large values of y.

Up to this point, our Bayesian analysis has been based entirely on the posterior mean
of ¢. It is well known that this is the optimal Bayes estimator under squared error loss.
However, it is not necessarily optimal with respect to other loss functions. Suppose, instead
of L(qb,(/g) = (¢ — qg)z, we consider L(qb,(/g) = (¢ — qg)z/w(qﬁ) for some function w(¢). In
particular, we might consider w(#) = ¢* in order to concentrate on relative error in the
lower tail as ¢ — 0. More generally, taking w(¢) = ¢ allows for a general class of loss
functions for which the Bayes estimator is still explicitly computable.

It is useful to draw a distinction between the loss function used by the statistician to
derive a Bayes estimator, and the loss function by which the procedure will ultimately be
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evaluated. The first will be called the statistician’s loss function, the second the client’s loss
function. For the moment, the client’s loss function is still (¢ — #)?, but the statistician’s
loss function is (¢ — ¢)%/¢" to allow a wider range of Bayesian procedures.

For a general loss function, the Bayes estimator is the value of q; which minimises
[ L(¢,¢)7(¢|X)d¢, where 7(¢|X) is the posterior density of parameter ¢ based on data
X. This is the “conditional Bayes decision principle”, cf. Berger (1985), page 16. For

L($,6) = (6 — $)?/w(¢), we have

_ JH{e/w(d)}n(6]X)d¢
J{1/w(é)}n(61X)de

When applied to predictive inference with ¢(z; ) either the distribution function or the
survivor function of a random variable Z, we shall call this the tail-weighted predictive
distribution, in contrast with (1.1) which represents the unweighted case. Thus for exam-
ple, if w(¢) = ¢” with r = 1 then our point estimator of ¢ is 1/E{¢™!|X}, while if r = 2 it
is E{¢7!|X}/E{¢~?|X}, where in both cases E{...|X} means posterior expectation condi-
tioned on the data X. For w(¢) = ¢" with general r, and the same prior density as before,
it is readily verified that the Bayes estimator becomes

¢ (2.7)

 Elexp((r — 1)20)|X} { 518, e )Z}aﬂ'

PBAY,r = B S.—(r—1

E{exp(rz0)|X} (2:8)

Analogously to (2.3), we now have

quAere_éZ 1-I-l —afz — r—l 0222 + 6%z + O L (2.9)
7 n 2 n2

which is again of form (2.4) with A = —a, B = % —r 4+ g Therefore, (2.5)—(2.6) still
apply. The coefficient of y* in q(A, B,y) is

2 4
T T

which is minimised when r = 2. Thus there is a sense in which » = 2 is optimal for
estimating very small probabilities.

Fig. 2.1 shows simulated mean squared errors, based on 5,000 replications, for the
maximum likelihood estimator and three Bayes estimators, corresponding to r = 0, 1 and
2 with Jeffreys prior. The estimates are evaluated at values of z corresponding to true ¢
values .5, .25, .1, .01 and .001. Also, they are repeated for three sample sizes, n = 10, 40
and 200. To aid comparison, the MSEs are standardised so that the maximum likelihood
estimator has MSE=1 in each instance. Although the three plots have very different scales
on the vertical axis, they are of similar shape, and confirm that while the usual Bayes
estimator (r = 0) performs best in the middle of the distribution, represented by ¢ = .5
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here, it is the worst of the four in the tail as ¢ — 0, and that the r = 2 estimator performs
best in the tail. For comparison, the four quadratic curves derived from (2.6) are shown
in Fig. 2.2, and confirm the comparative merits of the different procedures apparent from
the simulations.

Another question raised by the foregoing analysis is whether the squared error loss
function is in fact the most appropriate specification of what we have called the client’s
loss function. An alternative is the logarithmic loss function

L(6,0) = ¢log(¢/d) + (1 — ¢)log{(1 — ¢)/(1 — ¢)}. (2.10)

This is motivated, in part, by the theory of proper scoring rules in assessing probability
forecasters (Seillier-Moiseiwitsch and Dawid 1993), where (2.10) or an equivalent expres-
sion is often preferred to the squared error loss function for assessing tail probabilities. It
is readily verified that if (2.10) is also taken as the statistician’s loss function, then the
conditional Bayes decision principle again leads to the posterior mean of ¢ as the Bayes
estimator. However, in the spirit of our earlier discussion, it is possible to vary the statis-
tician’s loss function in this case as well, and it is natural to consider the same class of
tail-weighted Bayes estimators, indexed by r, as previously. For this loss function, the
result analogous to (2.5) is
92226_92 92226_92

E{L(¢, )} = on(1 =)t 2mmr = 6_92)3qT(A,B,9z) +0 (%) , (2.11)

where

¢"(A, B,y) = 60 — 28y — 484 + 12A4% + 3y* — 72By + 12B%y* + 24ABy + 12By*
+ 124y + 60e™2Y —120e™Y — 12Aye™ %Y — T2Bye™ %Y — 12By*e™ %Y
— 24B%y*e¢™Y +12B%y*e %Y + 144Bye™Y + 12y%¢ ™Y + 3yte 2 — 24 4% 7Y
+96Ae™Y —48Ae™ %Y 4 12A%¢72Y 4+ 28ye™?Y —48ABye™Y + 24ABye ™Y,
(2.12)
The dominant term as y — oo is (3 4+ 12B + 1232)y2 which is minimised when B = —1.
1

2
For the Jeffreys prior with general r we have B = = — r, so the optimal value of r, for

2
prediction in the tail of the distribution, is r = 1 (statistician’s loss function (¢ — ¢)*/¢).

However, in this case we have to go both to larger n and smaller ¢ to achieve excellent
agreement between simulations and asymptotic theory. Fig. 2.3 shows normalised MSE
for four estimators, based on 10,000 replications with n = 500, and a range of values of
y = 0z = —log ¢ from 2 to 20. Fig. 2.4 shows the corresponding values of ¢ derived from
(2.12). In this case, among these four estimators, the standard Bayes estimator (r = 0)
performs best up to about y = 4, then the MLE performs best up to around y = 12, after
which r = 1 is best.

The results of this section show that the optimal Bayes procedures depend on the
client’s loss function in unexpected ways. If the objective is to obtain a prediction interval
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whose coverage probability exactly matches its nominal value — in the next section this
property will be called unbiased in coverage probability — then the conditional frequentist
arguments show we should take the Jeffreys prior with » = 0. This is an exact result. If
the loss function is mean squared error, then for accurate prediction of tail probabilities,
best results are obtained with r = 2. Under the logarithmic loss function, the best value
1sr =1.

A brief description of the derivation of (2.5)—(2.6) and (2.11)—(2.12) is given in Ap-
pendix A.

3 PREDICTION IN GENERAL PARAMETRIC MODELS

The arguments of the previous section may be extended to very general classes of para-
metric families. The results rely heavily on formal manipulations of asymptotic expressions
and no attempt is made to provide either a precise statement of regularity conditions or
rigorous proofs. Most of the technical details are removed to appendices.

Suppose we have a finite-parameter family with log likelihood function ¢,,(8) where n
denotes sample size. Suppose we are interested in a one-dimensional function of 6, denoted
¢ or ¢(8). In later discussion, this will be the value of a predictive distribution function
G(z;0) evaluated at a given z. A typical Bayes estimator will be of the form

A B [ 6(8)etn (1R g9

(3.1)

where Q(0) is some function determined by both the prior density and the loss function.
For example, in the situation of Section 2, we have Q(6) = (o — 1)log 6 + (rz — 3)6.

For the log likelihood and its derivatives, we adopt the notational conventions used in
Chapter 7 of McCullagh (1987). Suppose k;; = %E{azﬁn(e)/aeiaef}, Kijk =
LE{0%0,(0)/06' 967 96% }, where 6, 67 ... denote components of the vector §. Where suffixes
are separated by commas, this denotes a covariance, for example £; jr =
LCov{0(,(0)/08", 9%(,(6)/06?36%}. We shall not require any higher-order cumulants.
The Fisher information matrix has entries {«; ;} and we denote the entries of its inverse
by {x%/}. All these quantities are defined exactly (independent of n) whenever ¢, is
formed from n i.i.d. random variables but the theory holds in non-i.i.d. cases provided the
foregoing quantities are all of O(1). Where other quantities are concerned we use suffixes
to denote partial differentiation, for example Q; = 9Q/96", ¢;; = 0?6/06°06’. All these
quantities are evaluated at the true 6 unless denoted otherwise. The maximum likelihood
estimator (MLE) is denoted 6 with components 6. The MLE of ¢ is ¢ = qﬁ(é) We adopt
the summation convention whereby repetition of an index denotes summation over that
index. Then a direct extension of the argument of p. 209 of McCullagh (1987), given in
more detail in Appendix B, shows that

~

E(¢—¢)=n" {ﬁi’jﬁk’é(w,y‘k + %ﬁjw)@ + %ﬁi’jqﬁu} +0(n=22). (3.2)
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The main result of this section is an expression for the mean squared error of the
Bayes estimator ¢pay, relative to that of the MLE ¢. The result is

. - A 1
El(bnay — o7}~ ELG - 07) = S+ o). (33)
To evaluate A, first define a quantity C by
C = /ii]‘k/ii’k/ij’éqﬁg + Ki’j(¢ij + 2¢in) (34)

and let Cs = 0C/06s. We then have

2

./4 = CZ + Cslis’t¢t

. 1
_I_C {/ih]/ik’é (li[’]k _I_ ﬁ]kf) ¢l _/f 7]¢l]}

(3.5)
+ ﬁl7kﬁj7éﬁ87t¢i{/§k,ét(¢j3 + 2¢3Qj)

u,v u,v )
+ (/fk,ést + K R, sufite + K /fk,ésﬁutv)qs]}-

A derivation of (3.3)—(3.5) is given in Appendix C.

As a by-product of the same calculation, we also have an expression for the bias of

PBAY:

E{¢pay — ¢} = 0~ {&" 6P (ko + mjue)di + 6565 + 6:Q5)} + O(n™3). (3.6)

We may also consider other loss functions L(¢, qg) Suppose L(¢,¢) =0 and let L; =
81L/8q§j evaluated at ¢ = ¢. We assume L; exists up to j =4 and that L1 =0, Ly >0
so that L(¢, qg) is minimised with respect to ¢ when ¢ = ¢. Then (Appendix D)

B{L(6. 040} ~ E{L(. )} = 2 +0( ) (3.7
where ) )
Ap = 5L A+ ZLgC(qﬁiqﬁjﬁ;i’j). (3.8)

For example, in the case of logarithmic loss (2.10) this reduces to

.A . (1 — 2¢)C¢i¢jﬁ;i’j
2¢(1 - ¢) 20%(1—¢)*
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For yet another example of a loss function, consider the squared logarithmic loss func-
tion

L($,6) = (log ¢ —log 9)". (3.10)

When the true ¢ is very small, the squared logarithmic loss function penalises underpre-
diction of ¢ more severely than the logarithmic loss function, and much more severely
than squared error loss. Thus it might be a useful loss function in contexts such as insur-
ance, where 1t is desirable to be conservative in estimating loss probabilities. In this case
Ly =2/¢? L3y = —6/¢3, so
A 3Ch; kY7
Ay = poi % (3.11)

The final criterion considered in this section is bias in coverage probability. Suppose
the parameter ¢ is in fact one of a family of parameters indexed by a scalar z, for which
we write ¢(z;6) to emphasise the dependence on 6 as well as z. We use primes to denote
differentiation with respect to z and, as usual, suffixes to denote differentiation with respect
to components of . For example, ¢}(z;60) is the same thing as §?¢(z;6)/0206;. In the
context of prediction intervals, either ¢(z;6) or 1 — ¢(z;6) may denote the distribution
function of an as yet unobserved random variable Z, and we may be interested in deriving
a prediction interval for Z with specified coverage probability. This problem may be
characterised as that of finding a statistic Z for which ¢(Z; 6) is as close as possible to some
target value . The bias in coverage probability is then defined to be E{¢(Z;0)} — «.

Suppose ¢(z;0) is estimated for each z by an estimator q;(z), where for this part of
the discussion, ¢(z) may be used to denote either the MLE or the Bayes estimator. Then
the obvious approach is to define Z by the equation

$(3) = a. (3.12)

We assume that ¢(z;6) is a monotonic function of z and in particular, that ¢'(z;6) # 0 at
the true value when ¢(z;0) = a.

Both the MLE and Bayes estimator have variances given, to first order, by the Fisher
information matrix, so the variance of qz(z) is of the form ¢;(z;0)¢;(2;0)x" /n + o(1/n).
We also assume the bias is b(z;6)/n + o(1/n), where b(z; 6) is derived from (3.2) or (3.6).
Then the leading term of the coverage probability bias of Z is

1 {«si(z;e)qs;(z;ew b 9)} | (3.13)

n ¢'(2;0)

A derivation of (3.13) is given in Appendix E. This formula is equivalent to the main
formula on p. 49 of Cox (1975); the present version appears to be more convenient for
numerical evaluation.

To illustrate how these formulae may be evaluated, let us return to the exponential
example of Section 2. In this example all quantities are one-dimensional so we revert to
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the usual notation whereby 2% or 6® are powers of a scalar rather than components of a
vector.

We have ¢ = ¢=% Q = (a — 1)logf + (rz — 3)0 and (,,(8) = nlogh — 6S,, so with
Zy denoting an asymptotically N(0,1/6%)) random variable, we have

aﬁn n 1/2
_— = — — n — Z R
50 — g =4

0%*0,, _n 0,  2n

o7 2 0

and hence 11 = —1/60%, k11 = 0%, k111 = 2/6%, ete. Also, all terms of the form 1 11, £1,111
and so on are 0. Referring to (3.4), we have C = 2061 + 6%(¢11 + 2¢1Q1) which turns out
after a little manipulation to be the same as 2460z¢~%% + 2B6?2%2¢=%% where A = —a and
B:%—r—l—gas in Section 2.

It then follows that (3.5) is the same as

2 62C
A= - 62C161 + 6C oy + o1

which evaluates to
A=0222e"2{A%7 44+ (3A — 6B +24B)8z + (B* +3B)H* 2%}
and this in turn is the same as
62227292 {4(A, B, z) — ¢(0,0, 2)}
in the notation of (2.5)—(2.6).

A similar correspondence can be shown between (3.9) and (2.11)~(2.12). The corre-
sponding calculation of (3.13) leads to a coverage probability bias which is asymptotically

l {aeze_ez + (r — é) 92226_92} .
n z

If « = = r = 0 then this expression is 0. Of course, in this case we know that the
coverage probability bias is exactly 0 for all n, not just in the asymptotic sense considered
here.

4 PROBABILITIES OF RARE EVENTS

Despite the complexity of the formulae in Section 3, it turns out that for a wide class
of models, it is possible to pick out certain dominant terms as z tends to a limit, and so to
obtain asymptotic results for the optimal tail weight function in the same fashion as was
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done in Section 2 for the exponential distribution. In this section the main assumptions
and results will be outlined; technical details are deferred to Appendix F.

Suppose ¢(z;0) is the tail distribution function of a random variable Z, and we are
interested in its limit as z T z, where z, is the (finite or infinite) right-hand endpoint of
the distribution of Z.

We consider functions ¢(z; ) for which there exists a function f(z;6), a function 1(6)
(not depending on z) and constants G, Gy such that |f(z;6)] — oo as z T z,, and

¢i(z;8) ~ f(z;0)1:(0)9(z;0),
0ij(2:0) ~ G f*(2:0):(0)0;(0)0(2:0), (4.1)
iik(#:0) ~ G1 [ (2 0)10i (0);(0)u (6) (23 6).

In many cases we will find G = G; = 1, but we do not assume that at the outset.

The simplest case of a distribution satisfying (4.1) is when ¢(z;0) ~ exp{—=z(60)} as
z — 00, for some scalar function ¢(6). This is a direct generalisation of the exponential
distribution. However (4.1) also applies to many other classes of distributions, including
normal distributions with unknown mean and variance either known or unknown, and
extreme value distributions. However, there are exceptions; for instance, the mirror image
of an exponential distribution with known endpoint does not satisfy (4.1), and this is
relevant for the example considered later in Section 7. Further details of the examples are
in Appendix F.

For distributions satisfying (4.1), and a tail-weighted predictive distribution with
weight w(¢) = ¢", one can derive the optimal r as z — z,, for a variety of criteria.
The results are summarised in the following table:

Criterion Optimal r
Mean squared error 3G -1
Logarithmic Loss 3G -2
Squared Logarithmic Loss 3G — g
Bias (3.6) G

CPB (3.13) 0

When G = 1, the most common case, these results are exactly the same as for the
exponential distribution. The conclusion is that the results of Section 2 are very generally
applicable; for a variety of criteria, the usual Bayes estimator with r = 0 performs worse
than the plug-in approach, but the result is reversed with suitable choice of the parameter
r.
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5 POISSON-GPD MODEL

As a more complicated example of how the formulae in Sections 3 and 4 may be
evaluated, let us return to the model used for the insurance data in Section 1. In this
model, the number N of exceedances of the threshold u within a period of n years has a
Poisson distribution with mean An, and conditionally on N, the excesses X1,..., Xn are

ii.d. with generalised Pareto distribution (1.2). The log likelihood is
> : (5.1)

£X;
(0
Identifying (X, v, &) with (6',6%,6*), we calculate all derivatives of (5.1) up to third-order

in (6',6%,6%), and then evaluate their means and covariances using the formulae
X\ 1
E<(1 = —
(15 e
(X ) " ( §Xi> } 3
E<({1+ log [ 1+ = 5.2
{ ( W W (1—r)? (52)

£ r02< §Xi>}: 262
e{(1+57) o ()} =

The resulting cumulants are then collected together to evaluate A, Ay for the logarithmic

loss function, and the CPB as in (3.5), (3.9), (3.6) and (3.13).

1
l,=NlogA—An— Nlo ;/)—(1—|——> lo <l—l—
g g : > log

These formulae have been computed using the computer algebra language MAPLE,
but the resulting expressions are extremely unwieldy. In one calculation, A was trans-
lated into a Fortran programme, but the resulting code occupied over 1,500 lines. A more
computationally efficient approach is to substitute numerical values for unknown param-
eters, within the computer algebra programme, before simplifying the expressions. This
approach has been taken for the numerical results which follow.

As an example, suppose we set A =5, ¢p =1, £ = 0.5, ¢(z;0) = 1 —exp[—-A{1 +
£(z—u)/} /€] which corresponds to the tail distribution function of the annual maximum
(equation (9.1) of Davison and Smith, 1990). A series of values of z is taken, corresponding
to different predetermined values of ¢ between 107! and 10™°. For ), we consider

Q=—log\—rlogo (5.3)

corresponding to the improper prior density A™!, but including the tail weight ¢”. To aid
numerical stability, both A and Ay, are normalised by dividing by #%7#;¢; (the asymptotic
variance of the MLE). In the case of CPB, the result is expressed as a ratio to that of the
MLE — this does not create any ambiguity about signs because in our calculations the

MLE always has a positive CPB.

In Fig. 5.1(a), it can be seen that from the point of view of MSE, r = 0 is the worst
of the four estimators when ¢ < 10™%, with » = 2 eventually best for very small ¢, but
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r = 1 best across most of the range depicted. For logarithmic loss, in Fig. 5.1(b), r = 0 is
best across most of the range but r = 1 is better than r = 0 at ¢ = 107°. We would need
an even smaller ¢ to show that that r = 1 is better than the MLE. Finally looking at Fig.
5.1(c) for CPB, we see that as n — oo, the Bayes estimator with » = 0 has a smaller CPB
than the MLE for sufficiently small ¢, though this does not appear to be the case in the
middle range of ¢.

We now consider to what extent these results can be confirmed by simulations of the
actual models used for the examples of Section 1. It would be unrealistic to expect the
theoretical results to be numerically accurate for sample sizes of the order of these two
examples, and we indeed find that they are not accurate. Simulations for the insurance
example fixed £ = —.89. Simulations of the records example followed the same model
as that of Robinson and Tawn (1995) and Smith (1997a), which though not the same as
the Poisson-GPD model has a lot of features in common with it. In particular, the same
parameter £ arises in this model, and for the simulations the value ¢ = —0.2 was fixed,
rather arbitrarily. For regular maximum likelihood estimation, the Fisher information
matrix was calculated by Tawn (1988) and requires ¢ > —0.5. For the current problem,
the existence of all the quantities defined in Section 3 requires ¢ > —0.25, but even this
“regularity condition” ignores certain features of the problem such as ¢ = 0 with positive
posterior probability. For this reason, none of the results are strictly correct for the records
example, but it is nevertheless of interest to see to what extent qualitative features of the
theoretical results are reflected in simulations.

It should also be pointed out that the simulations themselves are far from easy to
conduct, since the original data analyses involved extensive MCMC sampling and it is not
possible to do this to the same extent in a simulation. The results are based on 1,000
replications and, as a protection against occasional wild results, the largest and smallest
2.5% of the replications are deleted.

Fig. 5.2 plots the mean square error and the logarithmic risk of the Bayes estimator
for the insurance model, and the mean squared error for the records model. In each case
the estimate is calculated for a sequence of values of ¢ and the quantity

RB(rv ¢) -1

Ru(¢)

is plotted, where Rp denotes the risk of the Bayes estimator, indexed by r as well as ¢,
and Ry is the risk of the MLE. No calculation is made for the logarithmic risk in the
records model because in this case the MLE is 0 for many simulations, in which case the
logarithmic risk is infinite, and no meaningful comparison is possible.

In spite of all these difficulties with both the asymptotic and simulated results, the
two have a number of qualitative features in common, and from this point of view the
asymptotics may be said to provide some practical guidance to the choice of procedure.
For both the insurance and records simulations, the usual estimator with r = 0 performs
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poorly from the point of view of mean squared error, but either » = 1 or r = 2 is much
better. For logarithmic loss in the insurance simulation, r = 0 is best across most of the
range of ¢. This is also the case by default for the records model, since when ¢ = 0 with
positive posterior probability, it is automatically the case that QBBAY = 0 for any r > 0, so
in this case these estimators, like the MLE, have infinite logarithmic risk.

A final simulation was made to assess CPB. This was done for three values for the
target « (.1, .01 and .001), and for six estimators (the MLE, and Bayes with five values
of r). In each case, 2 was determined so that qg(é) = « and E{¢(2)} was estimated by
simulation. Fig. 5.3(a) shows that for the insurance model, the CPB is positive for the
MLE, for each of the three values of «. The best agreement between the true and nominal
coverage probability is obtained using the Bayes estimator with » = 0. In the case of the
records simulation (Fig. 5.3(b)), the same conclusions may be drawn for o = .1, but the
results for @« = .01 and .001 are poor for all the estimators, with perhaps still a rather
weak case for saying that r = 0 is best. From these simulations we may be led to conclude
that the Bayes estimator with r = 0 is superior to the MLE in general, but the asymptotic
results shown in Fig. 5.2(c) do not point towards such a clear-cut conclusion. In this
case, the asymptotic theory serves to act as a warning against too hastily drawing general
conclusions from limited simulations.

6 HIERARCHICAL MODELS: THE NORMAL MEANS PROBLEM

The results so far in this paper have implicity assumed a single homogeneous sample.
However, they are also applicable in multi-sample problems, in which the parameters of
the model are possibly different from one sample to another. Such problems lead to what
are usually called empirical Bayes methods of analysis. In recent years it has become more
common to solve such problems from a fully Bayesian point of view, using a hierarchical
model structure to link together the parameters of the different subsamples. This is the
point of view taken, for example, in the excellent recent monograph by Carlin and Louis

(1996).

Despite the very rapid growth of this field, there has been comparatively little study of
the frequentist properties of Bayesian procedures in this setting. Berger and Strawderman
(1996) established some admissibility results, which have the advantage of not relying on
any kind of asymptotics, and which provide guidance on the choice of prior particularly
where improper priors are concerned. On the other hand, the class of models to which their
results apply is restrictive, and admissibility results do not necessarily help to pick out a
prior distribution which has good properties under particular conditions. In contrast, the
results of the present paper are asymptotic (letting sample size n — oo while the number
of samples remains fixed) but they do allow explicit computations to be made under a
veriety of circumstances.

In the present section, these ideas are worked out in some detail for the simplest
problem in this class: the case of p normal distributions with unknown means and known
common variance. In the next section, a more complicated example is considered.
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Suppose there are p subgroups and the data in the j’th subgroup follow a N(6;,1)
distribution. Here the vector of subgroup means 6 = (6y,...,0,) are the parameters of
interest. The remarkable result of James and Stein (1961) showed that from the point of
view of squared error loss, L(6, é) = E?;:l(ej — éj)z, for p > 3 the vector of sample means
(or MLE) is inadmissible as an estimator of 6, and they exhibited an estimator which
dominates the MLE. This stimulated a rich stream of developments in decision theory.
In recent years, especially since the papers of Morris (1983a, 1983b), practical attention
has shifted away from the decision-theoretic viewpoint towards such issues as confidence
intervals for the individual subgroup means. The present focus on predictive inference may
be regarded as a logical continuation of this shift of emphasis, but it is also our objective
to bring out the connections between this and the decision-theoretic approach.

Suppose we have n observations in each subgroup and suppose, initially, that we are
interested in a particular subgroup mean, ¢(0) = 6y for given k € {1, ..., p}. In the notation
of Section 3, we have x; ; = 1 if i = j, 0 if 7 # j, and hence also &%/ = &; ; for all 7 and
J. Moreover the higher order cumulants, #; ji, £i;x and &; jre, are all 0. Then it is quickly
established that for a Bayesian procedure with prior €%,

A= Qi +2Qxs. (6.1)
This immediately extends to the loss function L(6, é) = ?:1(9]‘ — éj)z, for which

P
A=) (QF +20;)). (6.2)
7=1

Note that we are no longer employing the summation convention.

As an example, consider the prior density

«

m(6) = Q) <Z 9?>_ (6.3)

with & > 0. Then (6.2) becomes

_ Ho? —(p—2)a}
A= 0 . (6.4)

Now (6.4) is negative for all # provided p > 2 and 0 < & < p—2, with an optimal o = ]’2;2.
Thus in this case we obtain a very simple asymptotic version of the James-Stein theorem,
whereby the Bayes estimator dominates the maximum likelihood estimator uniformly over
all 8. However another conclusion from (6.4) is that the improvement is largest when 9?
is very small.

In practice, empirical Bayes methods are often applied in situations where we believe
that the 6;’s are roughly equal, but not necessarily roughly equal to 0. As an alternative
o (6.3), such information may be represented in the prior density

—

7(0) x {Z(ej - é)?} (6.5)
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where 6 = %E g;. In this case (6.2) reduces to

_ 4{a® —(p—3)a}

>0, —6)2
In contrast with (6.4), (6.6) imposes stricter conditions on p and o (A < 0 requires p > 3
and 0 < o < p — 3, with best value a = %), but we get a large improvement from using
the Bayes estimator whenever > (6; — #)? is small, which is a less stringent on 6 than
requiring 37 6% to be small.

A

(6.6)

Both (6.3) and (6.5) may be developed as limiting cases of the hierarchical model
O1,....0p|8, 7 ~ N(B,7),
Bt ~ N(m,eT), (6.7)
T~ IG(a,b)
where IG denotes the inverse gamma distribution with density b*7 %" 'e~%/7 /T'(a) and

m,c,a,b are fixed hyperparameters. In this case, direct integration of # and 7 from the
joint density of (6, 3, 7) shows that

—a—p/2
7(8) x {% S8 -6 + %cpi (6 —m)* + b} . (6.8)

Then (6.3) may be obtained from (6.8) by letting m = 0, b — 0, ¢ — 0, and similarly
(6.5) with m =0, b — 0, ¢ — oo.

One advantage of rewriting (6.3) or (6.5) in terms of the hierarchical model (6.7) is
that it allows the computations to be made using Gibbs sampling (Gelfand and Smith
1990). However (6.7) also suggests the way towards much broader classes of prior distri-

butions based on different specifications of the marginal densities of 5 and 7 (Berger and
Strawderman 1996).

Now let us return to the problem of predictive inference. Suppose, for definiteness, we
are interested in predictive inference for a specific subgroup, indexed by k. In accordance
with our earlier point of view, this may also be regarded as a problem about estimating
#(z;0) =1—H(z—6}) where H is the standard normal distribution function. Let h = H'.
Suppose we do this for fixed v = z — ;. Then after taking into account such properties as

R'(v) = —vh(v), 1" (v) = (v? — 1)h(v), we find that

2
A= R2(v) (7% 14 40Qk + Q2 + 2Qkk> . (6.9)

As an example, consider Q = —alog{> (8; — 6)*} — rlog ¢(z; 6)) which corresponds
to the prior (6.5) with tail weight w(¢) = ¢". Then
E oy Bav (O — é) B 6roh(v) 20(6y — é) N rh(v) 2

T TSw e T-HE) TS 6P 1 H()

_ 4a(p-1) 8o (b — 0)> () ?
p2o(60; =) " {206, — 0)2}2 i (1 - H(v)) }

A=1*(v)

(6.10)
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Although our focus here is on predicting observations within a single subgroup, it is
still natural to evaluate the results by averaging the risk over all p subgroups. Therefore
we replace A by its average over all k, to give

A hz(v) E q 6roh(v) h(v) }2 da(a —p+3)

1 ‘1—wa“”+”%1—ﬂw> TR

The last term in (6.11) is the same except for a multiplicative constant as (6.6), and
is minimised when a = %. This confirms that the influence of the prior density is
essentially the same as in our earlier discussion when the sole objective was to estimate 6
with squared error loss. The remaining terms in (6.11) represent the effect of prediction

at a specific value of v. For large v, h(v)/{1 — H(v)} ~v so

A~ G —4r + r2> v?h*(v) (v — o) (6.12)

which is minimised when r = 2, as in several earlier examples.

By similarly averaging over all subgroups, using (3.9), it is possible to compute an
averaged version of Ay, for logarithmic loss in the form

= A RHO DR [, b
(o R T e 7 e ) GO

The second term in (6.13) does not depend on «, so once again we are led to the optimal

-3 .
= 222 as is the case for squared error loss.

value « 5

Fig. 6.1 shows normalised versions of A and Ay, for r = 0, 1 and 2, ignoring the
contribution of the prior density (or equivalently, setting & = 0 in (6.11)). The plots show
that many of the characteristics of earlier plots, such as Figs. 2.2 and 2.4, also hold for
the normal distribution.

In the case of CPB, if we are interested in the k’th subgroup then it follows from (3.6)
and (3.13) that the resulting asymptotic bias is given by

b (21) = h(v) { 220‘((5’“__99))2 + s ihg()v)} (6.14)

where again v = z — 0.

In this case it is less logical to average over all k, since we would clearly be concerned
about the situation if even one subgroup had a large CPB, and in any case (6.14) is
easy enough to interpret on its own. Clearly if our only objective is to minimise CPB
then we should not do any kind of Bayesian analysis, since the standard single-population
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frequentist analysis gives an exactly unbiased prediction interval. On the other hand, if o
and r are chosen to improve the performance of the prediction interval as measured by A
or Az, then (6.14) provides a measure of the penalty incurred in terms of the CPB.

In the case of confidence rather than prediction intervals, the possibility of reducing
CPB while maintaining the desirable shrinkage properties of empirical Bayes procedures
has in the past been considered from a bootstrap perspective (Laird and Louis 1987, Carlin
and Gelfand 1990, 1991). The present discussion shows how these contrasting criteria may
be assessed when the procedures considered are fully Bayesian.

7 POISSON-GAMMA MODEL

The final example in this paper is a model for exchangeable Poisson processes devel-
oped by Gaver and O’Muircheartaigh (1987) and extended to a hierarchical framework by
Gelfand and Smith (1990), who described a Gibbs sampling framework for carrying out
the Bayesian calculations. Suppose p machines are observed for known sampling times
nti,...,nt, and the number of observed failures on the j’th machine is X;. If 6; denotes
the unknown failure rate for machine j, then X,..., X, are independent Poisson random
variables where

E{X;} = nt;6;. (7.1)

Compared with Gelfand and Smith, the only change is the inclusion of a parameter n, to
enable asymptotic calculations as n — oc.

Gelfand and Smith proposed a hierarchical prior structure based on gamma distribu-
tions, with
P eq—l e_ej /8

m(8]B) = H Wv

§ve—9/8
- BT ()

(7.2)
()

in terms of hyperparameters o, v and 6. By combining (7.2) into a single joint prior
density and integrating out 3, we have

_OT(pa+v)  (I16;)°"
S T eI SR T )

and hence () = log 7. This example does not fall within the framework of Section 4 and
there seems no advantage in considering a tail-weighted estimator; therefore, we do not
consider any r parameter in this model.

As a predictand for this problem, there are clearly many possibilities but one which
seems natural in the context of the problem is the time Z to first failure by any of the
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machines, with particular concern if this first failure time is very small. Thus we consider
the distribution function of Z,

G(z:8) =1 — ¢ 720 % (7.4)
with particular focus on the limit z — 0.

It is then possible to derive expressions for A, Ay and the asymptotic coverage prob-
ability bias using the formulae from Section 3; details of the calculation are in Appendix

G.

For this model and choice of ¢, a simulation exercise has been conducted with the
parametersn = p =5, t; = 1, §; = 5. All simulations are based on 10,000 replications and
used 250 iterations of a Gibbs sampler with the first 50 iterations discarded as warm-up
iterations. The observed A or Ay is defined as n? times the difference in either squared
error or logarithmic risk for the Bayes and ML estimators. This may then be compared
with the theoretical value derived from the asymptotic theory. To assess the simulation-
induced error, the calculations of observed risk are combined with 95% confidence bounds
obtained by bootstrap resampling from the 10,000 replications. This does not take into
account the possibility that 250 Gibbs iterations might be inadequate, but this particular
model has been well studied from the point of view of convergence of the Gibbs sampler,
and this number of iterations appears to be quite adequate.

For the specification of a, v and ¢, Gelfand and Smith (1990) took the “vague prior”
values v = 0.1, 6 = 1, and fixed « by an empirical Bayes argument designed to match
the estimated standard deviation of 6y,...,6,. They were at pains to emphasise that this
choice of hyperparameters was for illustrative purposes only and they did not claim that
these represent “optimal” choices in any sense whatsoever. Nevertheless it will be argued
that their specification of v was misguided and that better results may be obtained by
suitable intelligent specifications of both « and ~.

If 0, =3, j =1,..,5 are considered as five observations from the gamma distribution
(7.2), then the method of moments estimators are & = 3.6, 5 = 0.8333; the maximum
likelihood estimators are only slightly different from those. Moreover the posterior mean
of 1/4 in (7.2) is v/6. Motivated by these considerations we consider « in the range 1-9
and a selection of choices for (v, 0) satisfying v = 6.

Fig. 7.1 shows the theoretical A and Aj, functions, as a function of « for fixed v = 5,
and as a function of v for fixed & = 5. The plots are shown for two values of z corresponding
to ¢ = 0.1 and 0.001; there is very little difference between the two values of z. Since the
objective is to choose hyperpriors for which A or Ay is small, the plots suggest strongly
that one should not make the “vague prior” choices, in which « or 7 are set close to 0, but
that it 1s worth seeking out optimal values, of which the choice &« = = 5 is a reasonable
rough guess.
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In Fig. 7.2 this is explored further, with simulated and theoretical values of A, Ay and
the CPB for a variety of priors corresponding to different choice of @ and ~. In the case of
CPB, the agreement between theoretical and simulated values ((a) and (b)) is remarkably
good. For the remaining plots, the overall shape of the simulated curves (solid lines) is the
same as that of the theoretical curves (dotted lines). Nevertheless, the agreement is still
not ideal. In contrast with the example of Section 5, which is messy from every point of
view, this is one for which the asymptotics ought to be reasonably well behaved, so it is
worth exploring the reasons for the discrepancy.

Some investigation has been made into the source of the approximation error, from
which it i1s clear that no single part of the calculation is primarily responsible for the
error. It is possible that the calculation could be improved by formal calculation of the
next term in the asymptotic expansion, but this would involve considerable additional
analytical work and has not been attempted. An intermediate step has been attempted in
which the sequence of approximations given in the Appendices by equations (B.3), (C.4)
and (C.5) are taken as the starting point, and (C.6) evaluated exactly from that point on.
The modification from A to Ay again uses (3.9), without any additional correction terms.
This produces the dashed curves in Fig. 7.2(c—j). The modification substantially improves
the agreement between the theoretical and simulated results. The moral of this story may
be that for specific models of interest, it is possible to improve the approximations by
detailed consideration of individual error terms, but it looks to be a formidable task to
derive general-purpose formulae which are better than the ones given in this paper.

As far as the optimal choices of « and ~ are concerned, the simulation results suggest
values of & and v that are somewhat smaller than those suggested by the asymptotic theory,
but they confirm the general convex shape of the plots and in particular the message that
middle-range values of « and v, in the range 3-5 say, are superior from those at either
extreme.

Of course, this whole comparison is artificial in the sense that the values of 6; are
known, whereas in a real data problem the specification of hyperparameters would have to
be dealt with simultaneously as the estimation of the 8;’s. Nevertheless our results suggest
that some strategy based on intelligent selection of the hyperparameters may be superior
to the vague prior approach. This recommendation appears to be at variance with what
is currently preferred in the literature on hierarchical models, see e.g. Christiansen and

Morris (1997).

8 CONCLUSIONS

The main purpose of this paper has been to argue that theoretical comparisons of
Bayesian predictive procedures are both possible and worthwhile. Comparisons may be
decision-theoretic using one of a variety of loss functions, or based on the coverage proba-
bility bias of prediction intervals. The asymptotic calculations do not always yield accurate
numerical results, but nevertheless provide practical guidance in the choice of statistical
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procedures. Whenever possible, the results of such an analysis should be supplemented
by simulations, but in complicated problems requiring extensive Monte Carlo sampling
to compute the Bayes estimates, an accurate simulation study is in itself very difficult to
conduct.

For the estimation of tail probabilities, the results suggest that substantial gains may
be made by introducing a tail weighting function in the calculation of the Bayesian pre-
dictive distribution. However the tail weight itself depends on the criterion used to assess
the estimator, so practical implementation of these ideas would require more attention to
the loss function than is currently fashionable in either the frequentist or Bayesian liter-
atures. The superiority of the plug-in approach under some circumstances is not seen as
an argument in favour of that approach, but rather as a warning against the automatic
assumption that Bayes estimates must be superior.

For hierarchical models, the results provide a tool for comparing different specifications
of the hyperprior. In the normal means problem these may be considered an asymptotic
version of well-known formulae dating back to James and Stein, but the present approach
allows corresponding formulae to be developed in the context of predictive inference and
for more complicated models such as the Poisson-Gamma model discussed in Section 7.

The limited examples that have been discussed suggest that intelligent specifications of
hyperprior parameters may be superior to the vague prior approach. One possible direction
for future work is to consider more formally the consequences of data-based priors.

The main drawback of the methodology is the reliance on asymptotic approximations.
In certain cases it may be possible to improve on these by ad hoc arguments, but as far as
general results are concerned, the theory needs to be viewed with the same qualifications
as are present with any asymptotic theory.
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Appendix A: Derivation of (2.5) and (2.11)

First we need asymptotic expressions for E{(é —0)'} for t = 1,2,3,4; we must retain

terms as far as O(n~?%). Noting that 6 = n/Sy, from elementary properties of the gamma

distribution we have .
e AN s
. (n—1)(n—2)...(n—1)

for integer t < n. We quickly deduce

nl4+n?4+ O(n_3), t=1,

d_ 0 t n~l 45072 + O(n_3), t=2,

E (T) - 7n_2 —|— O(n_3), t = 3,
3n7? +0(n™?), t=4,

O(n=?), t>4.

To derive (2.5), we expand (¢ — q;)z as far as the fourth power in 6 — 6, taking expected
values, and collecting terms. The same method is used for (2.11) based on Taylor expansion

of L(¢, qg) given by (2.10). Computer algebra has been used to assist in the manipulations
involved.

Appendix B: Derivation of (3.2)

Equation (7.10), page 209, of McCullagh (1987), may be written in the form
g — 0" = n_l/zlil’]Z]‘ + n_l(/i”]/ik’éijZg + §/£Z’8/£]’t/£k’u/£3tuZ]‘Zk) + Op(n_3/2).
From this we deduce that
E{G’ — 91} = n_l(/il’]/ik’éli]‘k’g + §/£l’]/<;k’él<;jk4) + O(n_3/2) (Bl)
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and

E{(6' —6))(6! —07)} = n1k™ + O(n™3/?), (B.2)

We also have

~ .

. U RV 4 ~
6= 6= 060" —0) + 565(0" =)0 —07) + 0p(n*/?)
. . 1 .
= n V2 20 0T (K RN 20 20 §ml’sm]’tmk’”mstquZk)¢i (B.3)

+ n_llii’k/ij’észggbi]‘ + Op(n_S/Z).

N | —

Combining (B.1), (B.2) and the first equality in (B.3), we deduce (3.2).

Appendix C: Derivation of (3.3)—(3.5)

We need some additional notation. As in McCullagh (1987), let U, = 0(,(0)/06;,
Uij = 00,(0)/06;00;, etc. Also U; = n'/2z;. Uij = nkij + nl/zZij, and so on, where
Z;i, Zij, ... are Op(1) random variables with mean 0. We write {U"} for the matrix inverse
of {U;;}. Any expression with a hat on it, such as Uijk, means that it is to be evaluated
at the MLE 6 rather than the true value 6. Define

1 o 1 y
D= SUU T 60 = (45 + 20:Q)U (C.1)

and let D denote the same expression where all terms have hats. With these conventions,
two applications of Laplace’s integral expansion yield the formula

QBBAY:QE—I—’ZA). (02)
To derive (C.2), consider an integral of the form

L(g,0) = /D 96" dp,

where D C RP is a bounded simply-connected domain, the function ¢ has a unique maxi-
mum attained at an interior point 6y of D, and both ¢ and ¢ are sufficiently differentiable
in a neighborhood of #y. Then by equations (8.3.50-8.3.55) of Bleistein and Handelsman
(1986),

21\ 0 1 — iy
In(g.%) = <_> e"(%) |det B['/? [9 - %{—gﬂ/}jwb”b + gi;b"

n

1 1s17k1tu 1 syt ku 1 1y1.ke 1
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Here suffixes denote differentiation with respect to the components of 8, all functions
are evaluated at 6y, and the matrix B with entries {6"} is the inverse of the matrix whose
entries are {t;;}.

Let ¥(8) = 1¢,(0), which by assumption is of O,(1). The formula (C.2) follows by
P

applying (C.3) twice, once with ¢(8) = ¢(8)e?® and a second time with ¢(8) = ¢?? and
rearranging terms.

The next step of the argument takes (C.2) as its starting point. If matrices A, B and
C, with entries {a;;}, {b;;}, {ci;}, are related by

aj; = bi]‘ + eciy; + 0(62)
then the inverses of A and B, with entries {a"/}, {0/}, are related by
a'l =07 — b b ler + O(€2).

Applying this to
Uij = —nkij +n'?Zy,
we deduce

Ul = —n =1t — 7320300t 7 4 0,(n 7).

Hence
1 ) ) ) )
D= §(n/<;ijk ' 2 Z T e T ek R Z ) (T R 4 T e 2, )

1 . o
+ 5(451] + 2¢in)(n—1/€w + n_3/2/fl’8/€]’tzst)

1 e y
= 5 {mier Kb+ 1Y (045 + 204Q5) |

+ 2n3/2

{ﬁi’kﬁj’ézi]‘km + Rijp k6N G Db+ Rien RS R Zad
1,8 .7,t 1
+ R Za(03j +20:Q5) 1+ Op { — |
) (C.4)
The next step is to pass from D to D. If we write D = %Cn_l + %571‘3/2 + 0p(n™?2),
where C is the same as in (3.4), it follows that

. 1 1 ;
D-D=(5Cn""+ §Ssn—3/2)(98 —6°) 4+ 0,(n™?).

But 65 — 6° = n=1/2x517, + O,(n~') as in Appendix B, so
- 1
D=D+ §n—3/2csﬁ;5ﬂfzt + 0,(n7?). (C.5)
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The second equality in (B.3) gives an expansion for qAﬁ— ¢. The quantity we are trying
to calculate is

E{(¢pay — ¢)’} —E{(¢ — ¢)°} = 2E{(¢ — ¢)D} + E{D*}. (C.6)

The rest of the argument is just algebraic manipulation: by combining (C.4), (C.5)
and (B.3), rearranging terms and taking expectations, we deduce that (C.6) is indeed of
the form (3.3), with A given by (3.5).

Appendix D: Derivation of (3.7)—(3.8)

Suppose ¢ = ¢ + Rn~ Y2 + Sn~! 4+ Tn=3/2 £ Un~2 4 op(n™?) with R, S, T and U

all random quantities of O,(1). Thus R = ¢;x*7Z;, ete. After taking a Taylor expansion
with respect to ¢ in L(o, qg), we find that

1 1
L(¢,¢) = §L2R2n_1 + (LyRS + 6L3R3)n_3/2

1 1 1
+ (Lo RT + §L252 + §L3R25 + ﬂL4R4)n—2 +0,(n7%).

Now let us compare two estimators qgo and qgl with corresponding Ry, ...,Uy, Ry, ..., Ux;
however, we assume Ry, = R; since Bayes estimators and MLE are equivalent to first
order. Then

L(¢, 1) = L(#, 60) = {L2Ro(S1 — So)}n "2

1 1 (D.1)
—|— {LzRo(Tl - To) —|— 5[/2(512 - Sg) —|— §L3R3(51 - 50)}n_2 —|— OP(TL_Z).

But if qgl is the Bayes estimator and qgo the MLE, then S; — Sy is the constant % by

(C.2)~(C.5), and since E{Ry} = 0, the lead term in (D.1) has expectation 0. Consequently
1 1
Ap = LQE{§(512 — 83+ Ro(Th — Ty)} + §L3E{R§(Sl — So)}. (D.2)

However if we evaluate this expression for L(¢, qg) = (qg — ¢)%, for which Ly = 2, L3 =0,
we deduce that
A=E{S] - S} +2Ry(Ty, — Ty)}. (D.3)

We also have that 57 — 5y = %C and ER? = ¢,;6,;x". Combining these expressions with
(D.2) and (D.3), we deduce the result.
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Appendix E: Derivation of (3.13)

Write ¢(2) = ¢(2;8) +n "2 R(z) + n7'S(2) + 0,(n~") where R(z) = ¢i(z;0)x"7 Z,
has mean 0 and E{S(z)} = b(z;6). Then

0=0(2) = ¢(z;6)
= 0(2) — ¢(2) + ¢(2) — é( 0)
= (5 = 2)3/(2) + 5(2 = 2/'8"(2) + T PRG) 4 07 S () 4
=(Z2—2)¢'(%;0) +n 1/2(2 2)R'(2) + %(2 — 22" (2;,0) + n_l/zR(Z) +n1S(2) +

Solving for z, we find

e RO GRORE) R g

Z—Z =

¢'(z;0) {¢'(z;0)}* 2{¢'(z;0)}°
and hence
8(5:6) — 6(::6) = (2 = )6/ (238) + 52— 220" (:16) + .
= V2R(2) £t R(z)R'(2) -l
R(z) + 5(2:0) S(z) + ...

Taking expectations, noting that E{R(2)} = 0 and E{R(2)R/(2)} =E{¢(z; 0)x"* Z-
-0(2; kI 2} = ¢l z; 0)0' (2 0)k7 , we deduce (3.13).

Appendix F: Detailed calculations for Section 4
First we consider a number of examples of (4.1), and one counterexample.
Ezample 1. If ¢(2;0) ~ e 9% then set f(2;0) = —z, G =G = 1.

Ezample 2. Let H (here and subsequently) denote the distribution function of a
standard normal random variable and suppose ¢(z;60) = 1— H(z — u) where pr = p4(0) is an
unknown location parameter. Also let h = H’ and note the relations 1 — H(x) ~ h(z)/x as
r — 00 (see, e.g. Feller 1968, p. 193), h'(x) = —xh(x). So ¢i(z;0) = pih(z—p) ~ pi-(z —
1) 0(2;0), ¢ij(2:0) = pigh(z—p)—piph'(z—p) = {pij+pipg- (2 —p) Yh(z—p) ~ pipj-(z =
1)? - #(z;0), and by extension of the same argument ¢;jx(z;6) ~ ;g - (2 — p)® - ¢(2;6).
So in this case, f(z;0) =z —p, G =G, = 1.

Ezample 3. Now suppose ¢(z;6) =1 — H((z — p)/o) with both p and o functions of
unknown 6. In this case it is readily verified that ¢; ~ {o;/0}-{(z —p)/o}? - ¢(2;8), dij ~
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{oifo}-{oj/o}-A{(z=p)fo}* - ¢(2:8), diji ~{oifo}-{o;/o}-{or/o}-{(z—p)/o}® (= 6),
which is again of form (4.1) with G = G; = 1, but a different f(z;60) compared with
Example 2.

Ezample 4. Suppose ¢(z;0) ~ {(z—p)/o} ™ with a > 0 unknown (as well as, possibly,
pand o). Then 6(:6) ~ —ail(z — o)~ logl(z — wfo}, Gi(=:6) ~ asay{(z -
o) logH (= — ) /o), Gisk(8) ~ —csazanl(= — )/o}~ log {(+ — p)/o}. So'in this
case f(z;0) = —log{(z — p)/o} and G = G; = 1.

Ezample 5. Here is an example for which G # 1 # G1. Suppose z, = p and ¢(z;60) ~
{(p—2)/o}%as z T p, a > 0, with p a function of unknown 6. Then ¢;(z;6)/¢(2;6) ~ a(p—
2) 7 iy 6ij(20)/6(2:0) ~ ala —1)(p—2) "2 piptj, bije(2:0)/d(2:6) ~ ala—1)(a—2)(p—
2) 73 pipjpr. This satisfies (4.1) f(2) =a(p—2)"", G=1-1/a, Gy = (1—1/a)(1-2/a).

Ezample 6. Finally, an example wich does not fit (4.1). Consider Example 5 but
with ¢ and o known and the only unknown parameter ¢ = 6;. Then ¢;/¢ = —ac™!,
$11/d = ala+ 1)o7 %, d111/6 = —a(a + 1)(a + 2)0 3, which do not depend on z at all;
in other words, there is no f(z;6) tending to +oo for which (4.1) holds. In cases such as
this, the risk function does not take any special asymptotic form as z T z,, and asymptotic
relationships such as (F.1) below do not hold.

Having specified ¢, we must next specify ). We have Q(6) = log 7(6)—log w(¢) where
7 1s the prior density and w the tail weight, but as may easily be verified, 7 does not have
any influence on the z — z, asymptotic results, so we ignore it. Changing notation,
assume @ = Q(z;0) ~ n(—log ¢(z;8)) where n is, in principle, an arbitrary function. Then
Q; ~ —n'fi, Qi ~ (0" —n'G + n')f21k, where the derivatives i’ and n” are each
evaluated at —log ¢(z;0). In the special case n(x) = rez we have n’ = r, 5"’ = 0 and if in
addition G = 1, then Q)i may be ignored in the asymptotics to follow.

(a) Squared error loss function. In the notation of (3.3)—(3.5), we find that

C~ (G —20")f (2 0);¢rs"" ¢(2;6),
Cs ~ (G1 — 4G + 20" +20") 2 (23 0)0hpibs el $( 2 6),
3 2

A~ 20"+ 0+ (206G + % + G| £z 0) (s ™) 6%(2:0).  (F.1)

The function n is arbitrary, but to keep the expression in square brackets bounded,
it is desirable that both n'(x) and n”(2) remain bounded as @ — oco. Suppose we assume
n'(x) — r, with r finite. If we assume 7" to be bounded, which is a kind of smoothness
condition, then it follows from a result given by Littlewood (Bollobéas 1986, page 54) that
n"(x) — 0. The expression in square brackets then reduces to r? 4+ (2—-6G)r+ %GZ + Gy,
which is minimised when r = 3G — 1. In the most common case when G = 1, this leads to
r = 2, thus generalising the result of Section 2 to a wide class of distributions.
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(b) Logarithmic loss function. Our starting point is (3.9), where since ¢ — 0 we
may replace 1 — ¢ and 1 — 2¢ by 1. Thus

L 2¢ ( ¢ 0]
3G?

1 .
~ 5 {277” +0" 4 (4 —6G)n" + e + G —G|.f* (;zwkmk)? é

Again we write r for the limit of 7'(x) as * — oco; then we must minimise r* 4+ (4 — 6G)r

which leads to r = 3G — 2.

(c) Squared logarithmic loss function. This is very similar, starting from (3.11).
In this case

b e8]
ALNL<A—§C-M>

o? 2 ¢
3G2 3G ,
~ [277” +0" 4 (5—6G)n + e + G — 5> fh (;bﬂz;w%k)z

Again let ' — r, n” — 0. The minimum of r? + (5 — 6G)r is attained when r = 3G — 3.
In the case G = G; = 1, the expression in square brackets reduces to r* — r + i, which
i1s minimised when r = %, but which only then takes the value 0. In other words, for this
loss function, even with our “best” Bayes estimator, we have still not demonstrated a clear
superiority over the plug-in approach, in contrast with the situation in cases (a) and (b)

just considered.

(d) Bias in éBay. According to (3.6), the leading term in the bias is asymptotic to

(G — 1) (23 0)inp I §(2: 6).

Thus if our objective is to minimise the bias of the Bayes estimator of ¢, we should take

r=G@G.

(e) Bias in coverage probability. This is a little more complicated because we
need assumptions on ¢'(z) and its #-derivatives, as well as ¢(z) itself. However, for each
of our examples 1-5 we find that

¢i(2;0)

Sig) ~ GUil(6) s 21 (F.2)

so we adopt (F.2) as a general assumption. In that case, we find from (3.13) and (3.6) that
the bias in coverage probability based on the Bayes estimator is asymptotic to

Tf2(2;9)¢i¢jﬁi’j¢(2;9) (F.3)
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and this is minimised by taking » = 0. On the other hand, for the MLE, using (3.13)
together with (3.2), the asymptotic form of the bias in coverage probability is of the same
form as (F.3) but with r replaced by G/2, which is not at our liberty to set equal to 0.
Thus at least in this asymptotic sense, we are able to make precise the notion that the
usual Bayes estimator has smaller coverage probability bias than the MLE.

Appendix G: Derivations for Poisson-Gamma model

In this Appendix we do not use the summation convention, components of the vector
f are denoted by subscripts rather than superscripts, while superscripts denote powers as
in the usual algebraic notation.

Since X; has a Poisson distribution with mean nt;6;, we have, modulo constants,
(,(0) = > (Xilog 8, — nt;6;). Differentiating and taking expectations, k;; = —t;/0;, Kiii =
2t /0%, ki = —t:i/07, ki = 2t;/63. Also k;; = t;/6;, kbt = @;/t;, while all terms
involving combinations of different coefficients (e.g. &, ; with ¢ # j) are 0. By (3.4),
C = > B;/t;, where B; = 2¢; + 6;¢;i + 260,6,Q;. Also Cs = ). Bis/t; where B;s =
OB /005 = 2¢;s+ 6isPii +0ibiis +26i50:Qi +26,0,5Q; +20,0,Q;5 (here &;5 is the Kronecker
delta). To evaluate the second row of (3.5), first note that x; ;; + %KJZ” = 0, so the term
multiplying C is % S kbl = %E 6;¢ii/ti. For the last two rows in (3.5), first note that
the only non-zero terms are those for which all indices are the same, and they then reduce

63 ti 2t; 6 ti it
Z E@ {—@(@i +26:Q;) + (@ — 45@@> @}

- Z % (—bidii — 20,0,Q; — 2¢;)

¢:B;
—y
Hence with C, Cs; and B; already defined, we have

C? Csts0s C it 0:B;
A=y Gl Oy e 5 0B

?

to

The corresponding formula for logarithmic loss, based on (3.9), is

— ‘b2

T 20(1-9) 202(1-9)? & 1

To extend the computation to coverage probability bias, we note from (3.2) that for

the MLE,
1 0 0ii
b(z:0) = =
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while for the Bayes estimator, from (3.6),
1

0z 8) = D> —(¢i+0i0ii +0:0:Q:).

(= 6) §i (00t Bidii + 016:Qi)

The asymptotic expression for the CPB then follows from (3.13).

To complete the calculations, we need expressions for the derivatives of ¢ and ). With
¢ =1—exp(—z>_0;), it follows at once that

¢i = Ze_zzejv ¢is = _226—229j7 ¢ist = 236_229j.
For @, from (7.3) we deduce

a—1 pa+

Qi =

0;:  S.60,+6
a—1 pa+
is = — 75 0is + ~—=~7——17>
“ o et e o

For (3.13), we also need to calculate

¢ = (82,
Oy =(1—=) ;e 2%,
and hence
(/5_; 1
¢ Y0,
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Fig. 1.1. (a) Plot of five best performances in women’s 3000 metre event for each year
from 1972-1992, together with Wang’s 1993 record. (b) Predictive distribution function.
(¢) Posterior density of ¢ = G(486.11;80) conditioned on ¢ > 0.
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Fig. 1.2. (a) Magnitude and times of insurance claims for 15-year period. (b) Upper
tail of predictive distribution function.
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Fig. 2.1. Simulated mean squared errors of four estimators, scaled relative to the
MLE for each value of ¢, and for each of three sample sizes n.
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Fig. 2.2. Theoretical ¢(A, B,y) function for the same four estimators as in Fig. 2.1.
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Fig. 2.4. Theoretical ¢'(A, B, y) function for the same four estimators as in Fig. 2.3.
To achieve a reasonable scaling, the actual value plotted is log(100 4 ¢(4, B, y)).
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(a) MSE
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Fig. 5.1. (a) Normalised values of A associated with squared error loss function

for three Bayes estimators. (b) Normalised values of Ay associated with logarithmic loss
function for three Bayes estimators. (c¢) Theoretical calculations of the asymptotic coverage
probability bias for four estimators. For each value of ¢, the values are scaled so that the

MLE always has CPB equal to 1.
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(a) MSE for insurance simulation
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Fig. 5.3. Simulated values of CPB for three values of o and six estimators. In each
case the plotted value is E{¢(Z;0)} and this is compared with the nominal value of «,
respectively .1 (top plot), .01 (middle), .001 (bottom).
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(a) Squared error loss
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Fig. 6.1. Influence of the parameter r on predictive inference. (a) The curve A/h?(v),
taken from (6.11) with & = 0. (b) The curve 2H(v){1— H(v)} A /h(v)?, taken from (6.13)
with & = 0. In each case the @ axis is proportional to 1/¢, where ¢ =1 — H(v).
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(a) MSE, gamma=5 (b) Log, gamma=5
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Fig. 7.1. Poisson-Gamma model: The curves 10* x A/#? (a,c) and 10* x Az /é (b,d),
plotted as a function of « for fixed v =5 (a,b), or against v for fixed & = 5 (¢,d). Curves
are shown for two values of z corresponding to ¢ = 0.1 and 0.001.
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(a) CPB for phi=0.1 (b) CPB for phi=0.001
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Fig. 7.2. Poisson-Gamma model. (a) and (b) show simulated (solid dots) and theo-
retical (circles) CPBs for MLE (“prior 17), for Bayes with = v = 5 (prior 2), for Bayes
with o = 5 and v = 1,3,7,9 (priors 3-6) and for Bayes with v = 5 and o = 1,3, 7,9 (priors
7-10). (c¢)—(j) show 10* x A/é (MSE) or 10* x Ay /¢ (logarithmic loss) for different sce-
narios. Solid lines: simulation results, with 95% confidence bands for simulation-induced
error. Circles and dotted lines: theoretical calculation. Dashed lines: improved theoretical
calculation.
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