
PREDICTIVE INFERENCE, RAREEVENTS AND HIERARCHICAL MODELSc
 Richard L. Smith 1October 1 1997SummaryMany problems of statistics are naturally formulated in terms of the predictive distri-bution of an as yet unobserved random variable, rather than the more traditional questionsof parameter estimation and hypothesis testing. Both frequentist and Bayesian approachesto predictive inference may be considered, but it is argued that the Bayesian approach ismore general and 
exible. This leads us to consider the frequentist properties of Bayesianprocedures. A second-order asymptotic theory is developed, for comparing the risks ofdi�erent procedures under a variety of loss functions. Particular attention is paid to thetails of the predictive distribution. This leads to some surprising but general conclusions.The usual Bayesian method may well be inferior to a crude maximum likelihood \plug-in"approach, but in most cases the comparison is reversed with a more general speci�cationof the Bayesian procedure. An extension is outlined to empirical Bayes problems. Theclassical James-Stein theorem is reinterpreted as an asymptotic result about the propertiesof Bayesian procedures, and it is shown how the same ideas may be applied to a generalclass of Bayesian hierarchical models.1 INTRODUCTIONWe begin with two real-data examples, intended to illustrate the need for a theory ofpredictive inference, and to demonstrate the practical e�cacy of a Bayesian approach.Fig. 1.1(a) shows the �ve best performances by di�erent athletes in the women's 3000metre running event, for each year from 1972 to 1992. The dotted lines connect up theannual minima. The �nal (right-hand) point of the plot is the remarkable record achievedby the Chinese athlete Wang Junxia in 1993. Many questions were raised about Wang'srecord, in particular whether she could have been taking illegal drugs. However neitherWang herself nor any member of her training group ever failed a drugs test, so the onlyevidence for such an assertion is that the record itself was too good to have been achievedby normal training methods.1 Department of Statistics, University of North Carolina, Chapel Hill, N.C. 27599-3260,USA; email rs@stat.unc.edu. This research was supported in part by NSF grant DMS-9705166. I would like to thank Alastair Young and Jim Berger for many conversationsabout decision theory, and Jonathan Tawn and Dougal Goodman for discussions and datarelated to the two examples used in Section 1.1



Robinson and Tawn (1995) proposed a statistical test. They �tted models based onextreme value theory to the �ve best performances in each year, including an exponentiallydecaying trend, and obtained con�dence intervals for xult, a parameter representing thebest possible long-term performance. They did this for a number of models, but in everycase, the 95% con�dence interval for xult included Wang's performance. Thus, while theiranalysis strengthened the assertion that Wang's record was very unusual | which mightbe interpreted as indirect evidence of drug use | it failed to provide conclusive evidencethat Wang's performance was inconsistent with previous data.Smith (1997a) argued that a more appropriate formulation of the problem is in termsof the predictive distribution of the best performance for 1993, given the years 1972{1992. Although Smith considered both Bayesian and frequentist approaches, the Bayesianmethod apparently yielded more satisfactory answers. Let Z denote the (as yet unobserved)best performance for 1993, and consider the conditional distribution of Z given that a newrecord is set. Thus de�ne G(z; �) = PrfZ � z j Z � z0; �g where z0(= 502:62) is theexisting record and � are the unknown model parameters. Then the standard Bayesiande�nition of the predictive distribution function (Aitchison and Dunsmore, 1975) isĜ(z) = Z G(z; �)�(�jX)d�: (1:1)Here �(�j�) is the posterior density of � given observed data X. The analysis was simpli�edby �tting a model without trend to the data from 1980 onwards. In this context, the modelis equivalent to assuming a three-parameter Weibull distribution for the best performancein each year, but �tted to the �ve best performances. An uninformative prior distributionwas taken. The resulting Ĝ(z) is shown in Fig. 1.1(b). In particular, from this we read o�that for z = 486:11, which was the actual record achieved byWang, we have Ĝ(z) � 0:0006,a slight revision of the value .00047 quoted in Smith (1997a). Looked at from this pointof view, it indeed appears that Wang's record was extremely unusual.Bayesian statisticians sometimes argue that it is more meaningful to look at the fullposterior distribution of a quantity of interest than any single summary value such as theposterior mean. However, in the present case it is hard to see how one would use theadditional information. The quantity of interest is � = G(486:11; �) and the posteriorprobability that � = 0 is .925. Given � > 0, the posterior density of {log � is as in Fig.1.1(c). The mode of this density is at {log �=6 (�=.0025) but there seems no reason toquote this as the \Bayes estimator".There are a number of other issues such as whether it was really correct to ignore thetrend, a very reasonable point raised by Robinson and Tawn in their reply to Smith (1997a),but the main focus of the present paper is on broader theoretical aspects of this kind ofanalysis. In particular, it seems highly pertinent to ask whether the quoted predictive tailprobability of .0006 has any interpretation in terms of long-run frequency properties of theprocedure. 2



For our second example, Fig. 1.2(a) depicts, on a logarithmic scale, 425 large insur-ance claims made against a company over a 15-year period. Once again there are manyquestions over an appropriate model for such data, and Smith (1997b) considers a numberof alternatives. The present discussion, for illustrative purposes, is based on the simplestform of model for exceedances over thresholds developed by Smith (1989) and Davisonand Smith (1990). We �x a threshold u = 5, over which there are 73 exceedances. Theexceedance times are taken to form a Poisson process with constant rate �, estimated as�̂ = 73=15 = 4:87. The excesses over the threshold are taken to follow a generalised Paretodistribution (GPD) with distribution functionF (x; ; �) = 1��1 + �x ��1=� ; x � 0; (1:2)where � is a shape parameter. The maximum likelihood estimates are  ̂ = 6:3; �̂ = 0:89.If � � 12 the variance of the claim size is in�nite, and indeed we are close to the value � = 1for which the mean becomes in�nite. The estimate of � is reduced somewhat if mixing overdi�erent claim types is taken into account (Smith 1997b), but even so, this is an extremelylong-tailed distribution, though no more so than appears to be typical in the insuranceindustry.In this case the relevant question for the company appears to be, \How much of a�nancial reserve is needed to cover all insurance losses (with speci�ed probability) over thenext N years?" This is again a question about a predictive distribution, rather than thevalue of any particular parameter, and in Smith (1997b) it was answered by combiningBayesian estimation of the parameters with Monte Carlo simulation of the distribution oftotal cumulative claim. For the present discussion, we con�ne ourselves to the computa-tionally simpler question of determining the predictive distribution of Z, de�ned as thelargest claim over a ten-year period. The distribution function of the annual maximumand hence that of Z may be written down explicitly (equation 9.1 of Davison and Smith,1990) and Fig. 1.2(b) shows the Bayesian predictive distribution of PrfZ > zg, computedexactly as in (1.1) except for the change in direction of the inequality. The Bayesianapproach taken here di�ers sharply from the usual actuarial approach to such problems,which is much closer to the \plug-in" method (equation 1.3 below).There are a number of other recent examples of predictive inference for extreme-valueproblems (Coles and Powell 1996, Coles and Tawn 1996), but the foregoing examples areintended to illustrate some points of a more general nature:1. Many statistical problems are more meaningfully formulated as being about thepredictive distribution of some unobserved random variable than about tests of hypothesesor parameter estimates.2. The Bayesian approach to prediction problems, as in (1.1), is simple, powerful and
exible. However this does raise questions | for Bayesians as well as frequentists | aboutwhat properties this procedure has. 3



The simplest form of non-Bayesian procedure is the \plug-in" approach where esti-mates are substituted for unknown parameters. If the estimates are maximum likelihoodthen we call this the MLE approach:̂GMLE(z) = G(z; �̂) (1:3)where �̂ is the maximum likelihood estimator of �. Although this is widely criticised fortaking no account of the uncertainty in estimating �, it should be pointed out that sinceG(z; �) is (for �xed z) simply a nonlinear function of �, (1.3) is the maximum likelihoodestimator of G(z; �), so it may not be all bad. On the other hand Cox (1975) pointed outthat prediction intervals based on ĜMLE(z) will typically have coverage probabilities thatare too small, compared with their nominal values derived under the assumption that �is known, and the main point of his contribution was to derive an asymptotic formula tocorrect this.There is an extensive literature on Bayesian approaches to predictive inference, wellrepresented by Geisser (1993). Barndor�-Nielsen and Cox (1994, pp. 316{317) have de-scribed a number of non-Bayesian approaches, but most of these are available only underspecialised circumstances. Butler's (1986) predictive likelihood depends on the existenceof a low-dimensional su�cient statistic. There is an exact approach due to Cox (1975),also discussed on p. 242{245 of Cox and Hinkley (1974), but this requires the existence ofan exact similar test for the equality of the parameters determining the distributions of Xand Z. A third method requires an exact pivotal statistic. None of these is applicable tothe kinds of parametric families we have considered here. Thus, the asymptotic approachof Cox (1975) appears to be the only one which has any hope of applicability to our prob-lems. There is also an asymptotic variant on Butler's approach due to Davison (1986),not requiring su�cient statistics, but Davison's approach would be more accurately de-scribed as an approximate Bayesian method and so leads us anyway into questions aboutthe properties of Bayesian methods.There is an extensive and growing literature on comparisons between Bayesian andfrequentist procedures. Much attention in particular has been given to the question ofconstructing Bayesian interval estimates of parameters which achieve good coverage prob-ability in the conventional frequentist sense. The classical results of Welch and Peers(1963), Welch (1965) and Peers (1965), together with Stein (1985), have been supple-mented by many new results in recent years, for example Tibshirani (1989), Ghosh andMukerjee (1992, 1993), Nicolau (1993), Efron (1993, 1996), Mukerjee and Dey (1993),Datta and Ghosh (1995), Datta (1996). One paper of particular interest is that of Liseo(1993), who argued through a series of examples that procedures based on the referenceprior approach of Berger and Bernardo (1992) have superior frequentist properties to thosebased on a Je�reys prior or on various forms of conditional inference. For reviews coveringboth these and other aspects of the Bayes-frequentist link, see Reid (1996) and Sweeting(1996). Within this literature, however, comparatively little attention has been given topredictive inference. By analogy with Welch-Peers and their successors, one could derive4



conditions under which Bayesian predictive distributions have asymptotically correct fre-quentist coverage probabilities, thus achieving by Bayesian means what Cox (1975) soughtto achieve with an asymptotic correction, but one of the points of the present paper is toargue that this is too narrow a viewpoint by which to assess predictive procedures. Analternative approach was introduced by Aitchison (1975), who used Kullback-Leibler dis-tance as a measure of how well the predictive density of Z approximates its true unknowndensity. This idea has been recently extended by Komaki (1996), who used di�erential ge-ometric means to derive an optimal perturbation of the plug-in estimator. He also gave anasymptotic expansion of the Bayesian predictive density. By combining both results, it ispossible in principle to compare di�erent Bayesian predictive distributions from the pointof view of Kullback-Leibler distance. However, the examples he gave were very limited,and his di�erential geometric approach seems harder to apply than the direct expansionin terms of cumulants of the log likelihood given in Section 3 of the present paper.The plan of the rest of the paper is as follows. Section 2 develops detailed results for aparticular problem, the one-parameter exponential distribution. This shows in particularthat the usual de�nition of Bayesian predictive distribution might not be optimal for somenatural criteria, and raises the question of whether such results might be true for moregeneral models. These questions are explored in detail in Sections 3 and 4, where anexpansion for a general parametric family is derived, and applied to the tail probabilitiesof the predictive distribution. Section 5 discusses the Poisson{GPD model used for theinsurance example. Sections 6 and 7 discuss applications to empirical Bayes problems andhierarchical models, and Section 8 contains concluding discussion. To avoid interruptingthe text with detailed derivations, all the more intricate calculations of the paper aredeferred to a series of technical appendices.2 PREDICTION BASED ON THE EXPONENTIAL DISTRIBUTIONIn this section, a detailed theory is developed for the one-parameter exponential distri-bution. This is an appealing example to consider because both Bayesian and conditionalfrequentist formulae may be computed explicitly, and this greatly simpli�es theoreticalcomparison of the procedures. The exponential distribution is also of practical relevanceto the problem of exceedances over a high threshold, since it arises as a limiting case of(1.2) with � = 0, and there is a long history of the exponential distribution being appliedto exceedance data on either the original or a logarithmic scale (Davison and Smith 1990).Let X1; :::;Xn be independent and identically distributed (i.i.d.) from the density�e��x; x > 0, where � > 0 is an unknown parameter. Let Sn = X1 + ::: +Xn; the MLEof � is �̂ = n=Sn. Let Z denote some hypothetical future value derived from the samedistribution. If � were known, then the exact predictive distribution for Z would be givenby PrfZ > zg = �(z; �) = e��z for each z. We seek an estimator f�̂(z); z > 0g whichapproximates f�(z; �); z > 0g as closely as possible, in some suitably de�ned sense. Weshall concentrate primarily, though not exclusively, on a mean squared error criterion: anestimator is good if Ef(�̂(z) � �(z; �))2g is small. Where there is no ambiguity about the5



value of z being considered, we shall simply write � in place of e��z and �̂ for an estimatorof �.The simplest and most obvious estimator is the \plug-in" estimator:�̂MLE = e��̂z: (2:1)A second estimator is Bayesian. With gamma prior, �(�) / ���1e��� for � > 0, theposterior distribution of � is gamma with parameters (�; �) replaced by (� + n; � + Sn),so the posterior mean of � is �̂BAY;0 = � � + Sn� + Sn + z��+n : (2:2)The reason for the su�x 0 will appear shortly. The limiting case � = � = 0 is the Je�reysprior and therefore of particular interest.A third approach is based on the fact that W = Z=(Z +Sn) has density n(1�w)n�1on 0 < w < 1, which is known exactly and does not depend on �. One consequence ofthis is that if we �x p 2 (0; 1) and choose constants a and b such that 0 � a < b � 1 and(1�a)n�(1�b)n = p, then (aSn=(1�a); bSn=(1�b)) is an exact 100p% prediction intervalfor Z. We also note that PrfZ > tSng = (1 + t)�n for each t > 0; substituting z = tSn,it therefore seems reasonable to write (1 + z=Sn)�n as an estimator of �; this is exactlythe Je�reys version of (2.2). The connection is not accidental, because what we have doneis equivalent (in this special case) to Fisher's (1934) derivation of an exact conditionaldistribution given the maximal ancillary statistic of a location-scale family, which has longbeen known to be operationally equivalent to Bayesian analysis under a Je�reys prior. Themethod may also be derived as Cox's (1975) exact method, or more simply by noting thatW is pivotal. Thus, this is a case where the various frequentist approaches mention inSection 1 do work, and apparently agree with the Bayesian approach with Je�reys prior.Thus from both Bayesian and frequentist viewpoints, the estimator (2.2) with � = � =0 seems superior to (2.1). The following argument, however, shows that the comparison isnot so straightforward.By writing Sn = n=�̂ and Taylor expanding {log(�̂BAY;0) about �̂z, one deduces that�̂BAY;0 = e��̂z �1 + 1n ����̂z + 12 �̂2z2 + ��̂2z�+O� 1n2�� : (2:3)Both �̂MLE and �̂BAY;0 are therefore of the form�̂ = e��̂z �1 + 1n �A�̂z +B�̂2z2�+O� 1n2�� (2:4)6



for constants A and B, possibly depending on z, but not on � or �̂.Our main result in this section is that, for (2.4),En(�̂� �)2o = �2z2e�2�zn + �2z2e�2�zn2 q(A;B; �z) +O� 1n3� ; (2:5)where, writing y in place of �z,q(A;B; y) = 5� 4A +A2 � y(7 + 6B � 2AB � 3A) + y2�B2 + 3B + 74� : (2:6)The leading term in (2.5) is the asymptotic variance of the MLE and this term will bepresent in all expressions of this nature. Therefore, for su�ciently large n, the comparativeperformance of di�erent estimators is determined by the function q(A;B; y). For �̂MLEwe have A = B = 0 and thereforeq(A;B; y) = q� = 5� 7y + 74y2:For �̂BAY;0 with � = � = 0, we have A = 0; B = 12 and soq(A;B; y) = q0 = 5� 10y + 72y2:Thus q0 < q� if and only if y < 127 , or � > e�12=7 = 0:1801. In other words, �̂BAY;0 indeedoutperforms �̂MLE for moderately large values of �, but �̂MLE performs better when thetrue value of � is small (<.1801). Since a part of our interest is in cases when � is verysmall, this is a disturbing conclusion.It is of course possible to consider the e�ect of other prior parameters � and �, butthis does not resolve the fundamental di�culty. In this case A and B are replaced by ��and 12 + �z respectively. However for large z, the behaviour of q0 is still dominated bythe term 72y2, which is larger than the corresponding term 74y2 in the expression for q�.Therefore, for any � and �, we will have q0 > q� for all su�ciently large values of y.Up to this point, our Bayesian analysis has been based entirely on the posterior meanof �. It is well known that this is the optimal Bayes estimator under squared error loss.However, it is not necessarily optimal with respect to other loss functions. Suppose, insteadof L(�; �̂) = (� � �̂)2, we consider L(�; �̂) = (� � �̂)2=w(�) for some function w(�). Inparticular, we might consider w(�) = �2 in order to concentrate on relative error in thelower tail as � ! 0. More generally, taking w(�) = �r allows for a general class of lossfunctions for which the Bayes estimator is still explicitly computable.It is useful to draw a distinction between the loss function used by the statistician toderive a Bayes estimator, and the loss function by which the procedure will ultimately be7



evaluated. The �rst will be called the statistician's loss function, the second the client's lossfunction. For the moment, the client's loss function is still (�� �̂)2, but the statistician'sloss function is (�� �̂)2=�r to allow a wider range of Bayesian procedures.For a general loss function, the Bayes estimator is the value of �̂ which minimisesR L(�; �̂)�(�jX)d�, where �(�jX) is the posterior density of parameter � based on dataX. This is the \conditional Bayes decision principle", cf. Berger (1985), page 16. ForL(�; �̂) = (�� �̂)2=w(�), we havê� = R f�=w(�)g�(�jX)d�R f1=w(�)g�(�jX)d� : (2:7)When applied to predictive inference with �(z; �) either the distribution function or thesurvivor function of a random variable Z, we shall call this the tail-weighted predictivedistribution, in contrast with (1.1) which represents the unweighted case. Thus for exam-ple, if w(�) = �r with r = 1 then our point estimator of � is 1=Ef��1jXg, while if r = 2 itis Ef��1jXg=Ef��2jXg, where in both cases Ef:::jXg means posterior expectation condi-tioned on the data X. For w(�) = �r with general r, and the same prior density as before,it is readily veri�ed that the Bayes estimator becomes�̂BAY;r = Efexp((r � 1)z�)jXgEfexp(rz�)jXg = � � + Sn � rz� + Sn � (r � 1)z��+n : (2:8)Analogously to (2.3), we now have�̂BAY;r = e��̂z �1 + 1n ����̂z ��r � 12� �̂2z2 + ��̂2z� +O� 1n2�� (2:9)which is again of form (2.4) with A = ��; B = 12 � r + �z . Therefore, (2.5){(2.6) stillapply. The coe�cient of y2 in q(A;B; y) isr2 � 4r + 72which is minimised when r = 2. Thus there is a sense in which r = 2 is optimal forestimating very small probabilities.Fig. 2.1 shows simulated mean squared errors, based on 5,000 replications, for themaximum likelihood estimator and three Bayes estimators, corresponding to r = 0, 1 and2 with Je�reys prior. The estimates are evaluated at values of z corresponding to true �values .5, .25, .1, .01 and .001. Also, they are repeated for three sample sizes, n = 10, 40and 200. To aid comparison, the MSEs are standardised so that the maximum likelihoodestimator has MSE=1 in each instance. Although the three plots have very di�erent scaleson the vertical axis, they are of similar shape, and con�rm that while the usual Bayesestimator (r = 0) performs best in the middle of the distribution, represented by � = :58



here, it is the worst of the four in the tail as �! 0, and that the r = 2 estimator performsbest in the tail. For comparison, the four quadratic curves derived from (2.6) are shownin Fig. 2.2, and con�rm the comparative merits of the di�erent procedures apparent fromthe simulations.Another question raised by the foregoing analysis is whether the squared error lossfunction is in fact the most appropriate speci�cation of what we have called the client'sloss function. An alternative is the logarithmic loss functionL(�; �̂) = � log(�=�̂) + (1 � �) logf(1 � �)=(1 � �̂)g: (2:10)This is motivated, in part, by the theory of proper scoring rules in assessing probabilityforecasters (Seillier-Moiseiwitsch and Dawid 1993), where (2.10) or an equivalent expres-sion is often preferred to the squared error loss function for assessing tail probabilities. Itis readily veri�ed that if (2.10) is also taken as the statistician's loss function, then theconditional Bayes decision principle again leads to the posterior mean of � as the Bayesestimator. However, in the spirit of our earlier discussion, it is possible to vary the statis-tician's loss function in this case as well, and it is natural to consider the same class oftail-weighted Bayes estimators, indexed by r, as previously. For this loss function, theresult analogous to (2.5) isEfL(�; �̂)g = �2z2e��z2n(1� e��z) + �2z2e��z24n2(1 � e��z)3 qy(A;B; �z) +O� 1n3� ; (2:11)whereqy(A;B; y) = 60� 28y � 48A+ 12A2 + 3y2 � 72By + 12B2y2 + 24ABy + 12By2+ 12Ay + 60e�2y � 120e�y � 12Aye�2y � 72Bye�2y � 12By2e�2y� 24B2y2e�y + 12B2y2e�2y + 144Bye�y + 12y2e�y + 3y2e�2y � 24A2e�y+ 96Ae�y � 48Ae�2y + 12A2e�2y + 28ye�2y � 48ABye�y + 24ABye�2y :(2:12)The dominant term as y !1 is (3 + 12B + 12B2)y2 which is minimised when B = �12 .For the Je�reys prior with general r we have B = 12 � r, so the optimal value of r, forprediction in the tail of the distribution, is r = 1 (statistician's loss function (� � �̂)2=�).However, in this case we have to go both to larger n and smaller � to achieve excellentagreement between simulations and asymptotic theory. Fig. 2.3 shows normalised MSEfor four estimators, based on 10,000 replications with n = 500, and a range of values ofy = �z = � log� from 2 to 20. Fig. 2.4 shows the corresponding values of qy derived from(2.12). In this case, among these four estimators, the standard Bayes estimator (r = 0)performs best up to about y = 4, then the MLE performs best up to around y = 12, afterwhich r = 1 is best.The results of this section show that the optimal Bayes procedures depend on theclient's loss function in unexpected ways. If the objective is to obtain a prediction interval9



whose coverage probability exactly matches its nominal value | in the next section thisproperty will be called unbiased in coverage probability | then the conditional frequentistarguments show we should take the Je�reys prior with r = 0. This is an exact result. Ifthe loss function is mean squared error, then for accurate prediction of tail probabilities,best results are obtained with r = 2. Under the logarithmic loss function, the best valueis r = 1.A brief description of the derivation of (2.5){(2.6) and (2.11){(2.12) is given in Ap-pendix A. 3 PREDICTION IN GENERAL PARAMETRIC MODELSThe arguments of the previous section may be extended to very general classes of para-metric families. The results rely heavily on formal manipulations of asymptotic expressionsand no attempt is made to provide either a precise statement of regularity conditions orrigorous proofs. Most of the technical details are removed to appendices.Suppose we have a �nite-parameter family with log likelihood function `n(�) where ndenotes sample size. Suppose we are interested in a one-dimensional function of �, denoted� or �(�). In later discussion, this will be the value of a predictive distribution functionG(z; �) evaluated at a given z. A typical Bayes estimator will be of the form�̂BAY = R �(�)e`n(�)+Q(�)d�R e`n(�)+Q(�)d� (3:1)where Q(�) is some function determined by both the prior density and the loss function.For example, in the situation of Section 2, we have Q(�) = (�� 1) log � + (rz � �)�.For the log likelihood and its derivatives, we adopt the notational conventions used inChapter 7 of McCullagh (1987). Suppose �ij = 1nEf@2`n(�)=@�i@�jg, �ijk =1nEf@3`n(�)=@�i@�j@�kg, where �i; �j ... denote components of the vector �. Where su�xesare separated by commas, this denotes a covariance, for example �i;jk =1nCovf@`n(�)=@�i ; @2`n(�)=@�j@�kg. We shall not require any higher-order cumulants.The Fisher information matrix has entries f�i;jg and we denote the entries of its inverseby f�i;jg. All these quantities are de�ned exactly (independent of n) whenever `n isformed from n i.i.d. random variables but the theory holds in non-i.i.d. cases provided theforegoing quantities are all of O(1). Where other quantities are concerned we use su�xesto denote partial di�erentiation, for example Qi = @Q=@�i, �ij = @2�=@�i@�j . All thesequantities are evaluated at the true � unless denoted otherwise. The maximum likelihoodestimator (MLE) is denoted �̂ with components �̂i. The MLE of � is �̂ = �(�̂). We adoptthe summation convention whereby repetition of an index denotes summation over thatindex. Then a direct extension of the argument of p. 209 of McCullagh (1987), given inmore detail in Appendix B, shows thatE(�̂� �) = n�1��i;j�k;`(�`;jk + 12�jk`)�i + 12�i;j�ij�+O(n�3=2): (3:2)10



The main result of this section is an expression for the mean squared error of theBayes estimator �̂BAY , relative to that of the MLE �̂. The result isEf(�̂BAY � �)2g �Ef(�̂� �)2g = An2 + o� 1n2� : (3:3)To evaluate A, �rst de�ne a quantity C byC = �ijk�i;k�j;`�` + �i;j(�ij + 2�iQj ) (3:4)and let Cs = @C=@�s. We then haveA = C24 + Cs�s;t�t+ C ��i;j�k;`��`;jk + 12�jk`��i + 12�i;j�ij�+ �i;k�j;`�s;t�i��k;`t(�js + 2�sQj )+ (�k;`st + �u;v�k;su�`tv + �u;v�k;`s�utv)�j�: (3:5)A derivation of (3.3){(3.5) is given in Appendix C.As a by-product of the same calculation, we also have an expression for the bias of�̂BAY :Ef�̂BAY � �g = n�1 ��i;j�k;`(�`;jk + �jk`)�i + �i;j(�ij + �iQj)	+O(n�3=2): (3:6)We may also consider other loss functions L(�; �̂). Suppose L(�; �) = 0 and let Lj =@jL=@�̂j evaluated at �̂ = �. We assume Lj exists up to j = 4 and that L1 = 0; L2 > 0so that L(�; �̂) is minimised with respect to �̂ when �̂ = �. Then (Appendix D)EfL(�; �̂BAY )g �EfL(�; �̂)g = ALn2 + o� 1n2� (3:7)where AL = 12L2A+ 14L3C(�i�j�i;j): (3:8)For example, in the case of logarithmic loss (2.10) this reduces toAL = A2�(1� �) � (1� 2�)C�i�j�i;j2�2(1� �)2 : (3:9)11



For yet another example of a loss function, consider the squared logarithmic loss func-tion L(�; �̂) = (log �� log �̂)2: (3:10)When the true � is very small, the squared logarithmic loss function penalises underpre-diction of � more severely than the logarithmic loss function, and much more severelythan squared error loss. Thus it might be a useful loss function in contexts such as insur-ance, where it is desirable to be conservative in estimating loss probabilities. In this caseL2 = 2=�2, L3 = �6=�3, so AL = A�2 � 3C�i�j�i;j2�3 : (3:11)The �nal criterion considered in this section is bias in coverage probability. Supposethe parameter � is in fact one of a family of parameters indexed by a scalar z, for whichwe write �(z; �) to emphasise the dependence on � as well as z. We use primes to denotedi�erentiation with respect to z and, as usual, su�xes to denote di�erentiation with respectto components of �. For example, �0i(z; �) is the same thing as @2�(z; �)=@z@�i . In thecontext of prediction intervals, either �(z; �) or 1 � �(z; �) may denote the distributionfunction of an as yet unobserved random variable Z, and we may be interested in derivinga prediction interval for Z with speci�ed coverage probability. This problem may becharacterised as that of �nding a statistic ~z for which �(~z; �) is as close as possible to sometarget value �. The bias in coverage probability is then de�ned to be Ef�(~z; �)g � �.Suppose �(z; �) is estimated for each z by an estimator ~�(z), where for this part ofthe discussion, ~�(z) may be used to denote either the MLE or the Bayes estimator. Thenthe obvious approach is to de�ne ~z by the equation~�(~z) = �: (3:12)We assume that �(z; �) is a monotonic function of z and in particular, that �0(z; �) 6= 0 atthe true value when �(z; �) = �.Both the MLE and Bayes estimator have variances given, to �rst order, by the Fisherinformation matrix, so the variance of ~�(z) is of the form �i(z; �)�j (z; �)�i;j=n + o(1=n).We also assume the bias is b(z; �)=n + o(1=n), where b(z; �) is derived from (3.2) or (3.6).Then the leading term of the coverage probability bias of ~z is1n (�i(z; �)�0j (z; �)�i;j�0(z; �) � b(z; �)) : (3:13)A derivation of (3.13) is given in Appendix E. This formula is equivalent to the mainformula on p. 49 of Cox (1975); the present version appears to be more convenient fornumerical evaluation.To illustrate how these formulae may be evaluated, let us return to the exponentialexample of Section 2. In this example all quantities are one-dimensional so we revert to12



the usual notation whereby z2 or �3 are powers of a scalar rather than components of avector.We have � = e��z ; Q = (� � 1) log � + (rz � �)� and `n(�) = n log � � �Sn, so withZ1 denoting an asymptotically N(0; 1=�2)) random variable, we have@`n@� = n� � Sn = n1=2Z1; @2`n@�2 = � n�2 ; @3`n@�3 = 2n�3 ;and hence �11 = �1=�2, �1;1 = �2, �111 = 2=�2, etc. Also, all terms of the form �1;11; �1;111and so on are 0. Referring to (3.4), we have C = 2��1 + �2(�11 + 2�1Q1) which turns outafter a little manipulation to be the same as 2A�ze��z + 2B�2z2e��z, where A = �� andB = 12 � r + �z as in Section 2.It then follows that (3.5) is the same asA = C24 + �2C1�1 + �C�1 + �2C�112which evaluates toA = �2z2e�2�zfA2 � 4A+ (3A � 6B + 2AB)�z + (B2 + 3B)�2z2gand this in turn is the same as�2z2e�2�zfq(A;B; z) � q(0; 0; z)gin the notation of (2.5){(2.6).A similar correspondence can be shown between (3.9) and (2.11){(2.12). The corre-sponding calculation of (3.13) leads to a coverage probability bias which is asymptotically1n ���ze��z +�r � �z� �2z2e��z� :If � = � = r = 0 then this expression is 0. Of course, in this case we know that thecoverage probability bias is exactly 0 for all n, not just in the asymptotic sense consideredhere. 4 PROBABILITIES OF RARE EVENTSDespite the complexity of the formulae in Section 3, it turns out that for a wide classof models, it is possible to pick out certain dominant terms as z tends to a limit, and so toobtain asymptotic results for the optimal tail weight function in the same fashion as was13



done in Section 2 for the exponential distribution. In this section the main assumptionsand results will be outlined; technical details are deferred to Appendix F.Suppose �(z; �) is the tail distribution function of a random variable Z, and we areinterested in its limit as z " z! where z! is the (�nite or in�nite) right-hand endpoint ofthe distribution of Z.We consider functions �(z; �) for which there exists a function f(z; �), a function  (�)(not depending on z) and constants G; G1 such that jf(z; �)j ! 1 as z " z! and�i(z; �) � f(z; �) i (�)�(z; �);�ij(z; �) � G f2(z; �) i(�) j (�)�(z; �);�ijk(z; �) � G1 f3(z; �) i (�) j (�) k (�)�(z; �): (4:1)In many cases we will �nd G = G1 = 1, but we do not assume that at the outset.The simplest case of a distribution satisfying (4.1) is when �(z; �) � expf�z (�)g asz ! 1, for some scalar function  (�). This is a direct generalisation of the exponentialdistribution. However (4.1) also applies to many other classes of distributions, includingnormal distributions with unknown mean and variance either known or unknown, andextreme value distributions. However, there are exceptions; for instance, the mirror imageof an exponential distribution with known endpoint does not satisfy (4.1), and this isrelevant for the example considered later in Section 7. Further details of the examples arein Appendix F.For distributions satisfying (4.1), and a tail-weighted predictive distribution withweight w(�) = �r, one can derive the optimal r as z ! z!, for a variety of criteria.The results are summarised in the following table:Criterion Optimal rMean squared error 3G� 1Logarithmic Loss 3G� 2Squared Logarithmic Loss 3G� 52Bias (3.6) GCPB (3.13) 0When G = 1, the most common case, these results are exactly the same as for theexponential distribution. The conclusion is that the results of Section 2 are very generallyapplicable; for a variety of criteria, the usual Bayes estimator with r = 0 performs worsethan the plug-in approach, but the result is reversed with suitable choice of the parameterr. 14



5 POISSON-GPD MODELAs a more complicated example of how the formulae in Sections 3 and 4 may beevaluated, let us return to the model used for the insurance data in Section 1. In thismodel, the number N of exceedances of the threshold u within a period of n years has aPoisson distribution with mean �n, and conditionally on N , the excesses X1; :::;XN arei.i.d. with generalised Pareto distribution (1.2). The log likelihood is`n = N log �� �n�N log ��1 + 1��X log�1 + �Xi � : (5:1)Identifying (�; ; �) with (�1; �2; �3), we calculate all derivatives of (5.1) up to third-orderin (�1; �2; �3), and then evaluate their means and covariances using the formulaeE��1 + �Xi �r� = 11� r� ;E��1 + �Xi �r log�1 + �Xi �� = �(1� r�)2 ;E��1 + �Xi �r log2�1 + �Xi �� = 2�2(1� r�)3 : (5:2)The resulting cumulants are then collected together to evaluate A, AL for the logarithmicloss function, and the CPB as in (3.5), (3.9), (3.6) and (3.13).These formulae have been computed using the computer algebra language MAPLE,but the resulting expressions are extremely unwieldy. In one calculation, A was trans-lated into a Fortran programme, but the resulting code occupied over 1,500 lines. A morecomputationally e�cient approach is to substitute numerical values for unknown param-eters, within the computer algebra programme, before simplifying the expressions. Thisapproach has been taken for the numerical results which follow.As an example, suppose we set � = 5;  = 1; � = 0:5; �(z; �) = 1 � exp[��f1 +�(z�u)= g�1=� ] which corresponds to the tail distribution function of the annual maximum(equation (9.1) of Davison and Smith, 1990). A series of values of z is taken, correspondingto di�erent predetermined values of � between 10�1 and 10�9. For Q, we considerQ = � log �� r log� (5:3)corresponding to the improper prior density ��1, but including the tail weight �r. To aidnumerical stability, both A and AL are normalised by dividing by �i;j�i�j (the asymptoticvariance of the MLE). In the case of CPB, the result is expressed as a ratio to that of theMLE | this does not create any ambiguity about signs because in our calculations theMLE always has a positive CPB.In Fig. 5.1(a), it can be seen that from the point of view of MSE, r = 0 is the worstof the four estimators when � < 10�4, with r = 2 eventually best for very small �, but15



r = 1 best across most of the range depicted. For logarithmic loss, in Fig. 5.1(b), r = 0 isbest across most of the range but r = 1 is better than r = 0 at � = 10�9. We would needan even smaller � to show that that r = 1 is better than the MLE. Finally looking at Fig.5.1(c) for CPB, we see that as n!1, the Bayes estimator with r = 0 has a smaller CPBthan the MLE for su�ciently small �, though this does not appear to be the case in themiddle range of �.We now consider to what extent these results can be con�rmed by simulations of theactual models used for the examples of Section 1. It would be unrealistic to expect thetheoretical results to be numerically accurate for sample sizes of the order of these twoexamples, and we indeed �nd that they are not accurate. Simulations for the insuranceexample �xed � = �:89. Simulations of the records example followed the same modelas that of Robinson and Tawn (1995) and Smith (1997a), which though not the same asthe Poisson-GPD model has a lot of features in common with it. In particular, the sameparameter � arises in this model, and for the simulations the value � = �0:2 was �xed,rather arbitrarily. For regular maximum likelihood estimation, the Fisher informationmatrix was calculated by Tawn (1988) and requires � > �0:5. For the current problem,the existence of all the quantities de�ned in Section 3 requires � > �0:25, but even this\regularity condition" ignores certain features of the problem such as � = 0 with positiveposterior probability. For this reason, none of the results are strictly correct for the recordsexample, but it is nevertheless of interest to see to what extent qualitative features of thetheoretical results are re
ected in simulations.It should also be pointed out that the simulations themselves are far from easy toconduct, since the original data analyses involved extensive MCMC sampling and it is notpossible to do this to the same extent in a simulation. The results are based on 1,000replications and, as a protection against occasional wild results, the largest and smallest2.5% of the replications are deleted.Fig. 5.2 plots the mean square error and the logarithmic risk of the Bayes estimatorfor the insurance model, and the mean squared error for the records model. In each casethe estimate is calculated for a sequence of values of � and the quantityRB(r; �)RM (�) � 1is plotted, where RB denotes the risk of the Bayes estimator, indexed by r as well as �,and RM is the risk of the MLE. No calculation is made for the logarithmic risk in therecords model because in this case the MLE is 0 for many simulations, in which case thelogarithmic risk is in�nite, and no meaningful comparison is possible.In spite of all these di�culties with both the asymptotic and simulated results, thetwo have a number of qualitative features in common, and from this point of view theasymptotics may be said to provide some practical guidance to the choice of procedure.For both the insurance and records simulations, the usual estimator with r = 0 performs16



poorly from the point of view of mean squared error, but either r = 1 or r = 2 is muchbetter. For logarithmic loss in the insurance simulation, r = 0 is best across most of therange of �. This is also the case by default for the records model, since when � = 0 withpositive posterior probability, it is automatically the case that �̂BAY = 0 for any r > 0, soin this case these estimators, like the MLE, have in�nite logarithmic risk.A �nal simulation was made to assess CPB. This was done for three values for thetarget � (.1, .01 and .001), and for six estimators (the MLE, and Bayes with �ve valuesof r). In each case, ẑ was determined so that �̂(ẑ) = � and Ef�(ẑ)g was estimated bysimulation. Fig. 5.3(a) shows that for the insurance model, the CPB is positive for theMLE, for each of the three values of �. The best agreement between the true and nominalcoverage probability is obtained using the Bayes estimator with r = 0. In the case of therecords simulation (Fig. 5.3(b)), the same conclusions may be drawn for � = :1, but theresults for � = :01 and .001 are poor for all the estimators, with perhaps still a ratherweak case for saying that r = 0 is best. From these simulations we may be led to concludethat the Bayes estimator with r = 0 is superior to the MLE in general, but the asymptoticresults shown in Fig. 5.2(c) do not point towards such a clear-cut conclusion. In thiscase, the asymptotic theory serves to act as a warning against too hastily drawing generalconclusions from limited simulations.6 HIERARCHICAL MODELS: THE NORMAL MEANS PROBLEMThe results so far in this paper have implicity assumed a single homogeneous sample.However, they are also applicable in multi-sample problems, in which the parameters ofthe model are possibly di�erent from one sample to another. Such problems lead to whatare usually called empirical Bayes methods of analysis. In recent years it has become morecommon to solve such problems from a fully Bayesian point of view, using a hierarchicalmodel structure to link together the parameters of the di�erent subsamples. This is thepoint of view taken, for example, in the excellent recent monograph by Carlin and Louis(1996).Despite the very rapid growth of this �eld, there has been comparatively little study ofthe frequentist properties of Bayesian procedures in this setting. Berger and Strawderman(1996) established some admissibility results, which have the advantage of not relying onany kind of asymptotics, and which provide guidance on the choice of prior particularlywhere improper priors are concerned. On the other hand, the class of models to which theirresults apply is restrictive, and admissibility results do not necessarily help to pick out aprior distribution which has good properties under particular conditions. In contrast, theresults of the present paper are asymptotic (letting sample size n!1 while the numberof samples remains �xed) but they do allow explicit computations to be made under averiety of circumstances.In the present section, these ideas are worked out in some detail for the simplestproblem in this class: the case of p normal distributions with unknown means and knowncommon variance. In the next section, a more complicated example is considered.17



Suppose there are p subgroups and the data in the j'th subgroup follow a N(�j ; 1)distribution. Here the vector of subgroup means � = (�1; :::; �p) are the parameters ofinterest. The remarkable result of James and Stein (1961) showed that from the point ofview of squared error loss, L(�; �̂) =Ppj=1(�j � �̂j)2, for p � 3 the vector of sample means(or MLE) is inadmissible as an estimator of �, and they exhibited an estimator whichdominates the MLE. This stimulated a rich stream of developments in decision theory.In recent years, especially since the papers of Morris (1983a, 1983b), practical attentionhas shifted away from the decision-theoretic viewpoint towards such issues as con�denceintervals for the individual subgroup means. The present focus on predictive inference maybe regarded as a logical continuation of this shift of emphasis, but it is also our objectiveto bring out the connections between this and the decision-theoretic approach.Suppose we have n observations in each subgroup and suppose, initially, that we areinterested in a particular subgroup mean, �(�) = �k for given k 2 f1; :::; pg. In the notationof Section 3, we have �i;j = 1 if i = j, 0 if i 6= j, and hence also �i;j = �i;j for all i andj. Moreover the higher order cumulants, �i;jk, �ijk and �i;jk`, are all 0. Then it is quicklyestablished that for a Bayesian procedure with prior eQ,A = Q2k + 2Qkk: (6:1)This immediately extends to the loss function L(�; �̂) =Ppj=1(�j � �̂j)2, for whichA = pXj=1(Q2j + 2Qjj): (6:2)Note that we are no longer employing the summation convention.As an example, consider the prior density�(�) = eQ(�) / �X �2j��� (6:3)with � > 0. Then (6.2) becomes A = 4f�2 � (p � 2)�gP �2j : (6:4)Now (6.4) is negative for all � provided p > 2 and 0 < � < p�2, with an optimal � = p�22 .Thus in this case we obtain a very simple asymptotic version of the James-Stein theorem,whereby the Bayes estimator dominates the maximum likelihood estimator uniformly overall �. However another conclusion from (6.4) is that the improvement is largest whenP �2jis very small.In practice, empirical Bayes methods are often applied in situations where we believethat the �j 's are roughly equal, but not necessarily roughly equal to 0. As an alternativeto (6.3), such information may be represented in the prior density�(�) / nX(�j � ��)2o�� (6:5)18



where �� = 1pP �j . In this case (6.2) reduces toA = 4f�2 � (p � 3)�gP(�j � ��)2 : (6:6)In contrast with (6.4), (6.6) imposes stricter conditions on p and � (A < 0 requires p > 3and 0 < � < p� 3, with best value � = p�32 ), but we get a large improvement from usingthe Bayes estimator whenever P(�j � ��)2 is small, which is a less stringent on � thanrequiringP �2j to be small.Both (6.3) and (6.5) may be developed as limiting cases of the hierarchical model�1; :::; �pj�; � � N(�; � );�j� � N(m; c� );� � IG(a; b) (6:7)where IG denotes the inverse gamma distribution with density ba��a�1e�b=�=�(a) andm; c; a; b are �xed hyperparameters. In this case, direct integration of � and � from thejoint density of (�; �; � ) shows that�(�) / �12X(�j � ��)2 + 12 pcp+ 1(�� �m)2 + b��a�p=2 : (6:8)Then (6.3) may be obtained from (6.8) by letting m = 0; b ! 0; c ! 0; and similarly(6.5) with m = 0; b! 0; c!1:One advantage of rewriting (6.3) or (6.5) in terms of the hierarchical model (6.7) isthat it allows the computations to be made using Gibbs sampling (Gelfand and Smith1990). However (6.7) also suggests the way towards much broader classes of prior distri-butions based on di�erent speci�cations of the marginal densities of � and � (Berger andStrawderman 1996).Now let us return to the problem of predictive inference. Suppose, for de�niteness, weare interested in predictive inference for a speci�c subgroup, indexed by k. In accordancewith our earlier point of view, this may also be regarded as a problem about estimating�(z; �) = 1�H(z��k) where H is the standard normal distribution function. Let h = H 0.Suppose we do this for �xed v = z� �k. Then after taking into account such properties ash0(v) = �vh(v), h00(v) = (v2 � 1)h(v), we �nd thatA = h2(v)�7v24 � 1 + 4vQk +Q2k + 2Qkk� : (6:9)As an example, consider Q = �� logfP(�j � ��)2g � r log�(z; �k) which correspondsto the prior (6.5) with tail weight w(�) = �r. ThenA = h2(v)�7v24 � 1� 8�v(�k � ��)P(�j � ��)2 � 6rvh(v)1�H(v) +� 2�(�k � ��)P(�j � ��)2 + rh(v)1�H(v)�2� 4�(p � 1)pP(�j � ��)2 + 8�(�k � ��)2fP(�j � ��)2g2 + 2r� h(v)1�H(v)�2�: (6:10)19



Although our focus here is on predicting observations within a single subgroup, it isstill natural to evaluate the results by averaging the risk over all p subgroups. Thereforewe replace A by its average over all k, to give�A = h2(v)�7v24 � 1� 6rvh(v)1�H(v) + (r2 + 2r)� h(v)1�H(v)�2 + 4�(� � p+ 3)pP(�j � ��)2 �: (6:11)The last term in (6.11) is the same except for a multiplicative constant as (6.6), andis minimised when � = p�32 . This con�rms that the in
uence of the prior density isessentially the same as in our earlier discussion when the sole objective was to estimate �with squared error loss. The remaining terms in (6.11) represent the e�ect of predictionat a speci�c value of v. For large v; h(v)=f1�H(v)g � v so�A � �74 � 4r + r2� v2h2(v) (v !1) (6:12)which is minimised when r = 2, as in several earlier examples.By similarly averaging over all subgroups, using (3.9), it is possible to compute anaveraged version of AL for logarithmic loss in the form�AL = �A2H(v)f1�H(v)g � f2H(v) � 1gh3(v)2H(v)2f1�H(v)g2 �v � 2r h(v)1 �H(v)� : (6:13)The second term in (6.13) does not depend on �, so once again we are led to the optimalvalue � = p�32 , as is the case for squared error loss.Fig. 6.1 shows normalised versions of A and AL, for r = 0, 1 and 2, ignoring thecontribution of the prior density (or equivalently, setting � = 0 in (6.11)). The plots showthat many of the characteristics of earlier plots, such as Figs. 2.2 and 2.4, also hold forthe normal distribution.In the case of CPB, if we are interested in the k'th subgroup then it follows from (3.6)and (3.13) that the resulting asymptotic bias is given byb�k(zk) = h(v)� 2�(�k � ��)P(�j � ��)2 + rh(v)1�H(v)� (6:14)where again v = z � �k.In this case it is less logical to average over all k, since we would clearly be concernedabout the situation if even one subgroup had a large CPB, and in any case (6.14) iseasy enough to interpret on its own. Clearly if our only objective is to minimise CPBthen we should not do any kind of Bayesian analysis, since the standard single-population20



frequentist analysis gives an exactly unbiased prediction interval. On the other hand, if �and r are chosen to improve the performance of the prediction interval as measured by �Aor �AL, then (6.14) provides a measure of the penalty incurred in terms of the CPB.In the case of con�dence rather than prediction intervals, the possibility of reducingCPB while maintaining the desirable shrinkage properties of empirical Bayes procedureshas in the past been considered from a bootstrap perspective (Laird and Louis 1987, Carlinand Gelfand 1990, 1991). The present discussion shows how these contrasting criteria maybe assessed when the procedures considered are fully Bayesian.7 POISSON-GAMMA MODELThe �nal example in this paper is a model for exchangeable Poisson processes devel-oped by Gaver and O'Muircheartaigh (1987) and extended to a hierarchical framework byGelfand and Smith (1990), who described a Gibbs sampling framework for carrying outthe Bayesian calculations. Suppose p machines are observed for known sampling timesnt1; :::; ntp and the number of observed failures on the j'th machine is Xj . If �j denotesthe unknown failure rate for machine j, then X1; :::;Xp are independent Poisson randomvariables where EfXjg = ntj�j : (7:1)Compared with Gelfand and Smith, the only change is the inclusion of a parameter n, toenable asymptotic calculations as n!1.Gelfand and Smith proposed a hierarchical prior structure based on gamma distribu-tions, with �(�j�) = pYj=1 ���1j e��j=����(�) ;�(�) = �
e��=��
+1�(
) ; (7:2)in terms of hyperparameters �; 
 and �. By combining (7.2) into a single joint priordensity and integrating out �, we have�(�) = �
�(p� + 
)�p(�)�(
) � (Q �j)��1(P �j + �)p�+
 : (7:3)and hence Q = log �. This example does not fall within the framework of Section 4 andthere seems no advantage in considering a tail-weighted estimator; therefore, we do notconsider any r parameter in this model.As a predictand for this problem, there are clearly many possibilities but one whichseems natural in the context of the problem is the time Z to �rst failure by any of the21



machines, with particular concern if this �rst failure time is very small. Thus we considerthe distribution function of Z, �(z; �) = 1� e�zPp1 �j (7:4)with particular focus on the limit z ! 0.It is then possible to derive expressions for A, AL and the asymptotic coverage prob-ability bias using the formulae from Section 3; details of the calculation are in AppendixG. For this model and choice of �, a simulation exercise has been conducted with theparameters n = p = 5; tj = 1; �j = j. All simulations are based on 10,000 replications andused 250 iterations of a Gibbs sampler with the �rst 50 iterations discarded as warm-upiterations. The observed A or AL is de�ned as n2 times the di�erence in either squarederror or logarithmic risk for the Bayes and ML estimators. This may then be comparedwith the theoretical value derived from the asymptotic theory. To assess the simulation-induced error, the calculations of observed risk are combined with 95% con�dence boundsobtained by bootstrap resampling from the 10,000 replications. This does not take intoaccount the possibility that 250 Gibbs iterations might be inadequate, but this particularmodel has been well studied from the point of view of convergence of the Gibbs sampler,and this number of iterations appears to be quite adequate.For the speci�cation of �; 
 and �, Gelfand and Smith (1990) took the \vague prior"values 
 = 0:1; � = 1, and �xed � by an empirical Bayes argument designed to matchthe estimated standard deviation of �1; :::; �p. They were at pains to emphasise that thischoice of hyperparameters was for illustrative purposes only and they did not claim thatthese represent \optimal" choices in any sense whatsoever. Nevertheless it will be arguedthat their speci�cation of 
 was misguided and that better results may be obtained bysuitable intelligent speci�cations of both � and 
.If �j = j; j = 1; ::; 5 are considered as �ve observations from the gamma distribution(7.2), then the method of moments estimators are � = 3:6; � = 0:8333; the maximumlikelihood estimators are only slightly di�erent from those. Moreover the posterior meanof 1=� in (7.2) is 
=�. Motivated by these considerations we consider � in the range 1{9and a selection of choices for (
; �) satisfying 
 = �.Fig. 7.1 shows the theoretical A and AL functions, as a function of � for �xed 
 = 5,and as a function of 
 for �xed � = 5. The plots are shown for two values of z correspondingto � = 0:1 and 0.001; there is very little di�erence between the two values of z. Since theobjective is to choose hyperpriors for which A or AL is small, the plots suggest stronglythat one should not make the \vague prior" choices, in which � or 
 are set close to 0, butthat it is worth seeking out optimal values, of which the choice � = 
 = 5 is a reasonablerough guess. 22



In Fig. 7.2 this is explored further, with simulated and theoretical values of A, AL andthe CPB for a variety of priors corresponding to di�erent choice of � and 
. In the case ofCPB, the agreement between theoretical and simulated values ((a) and (b)) is remarkablygood. For the remaining plots, the overall shape of the simulated curves (solid lines) is thesame as that of the theoretical curves (dotted lines). Nevertheless, the agreement is stillnot ideal. In contrast with the example of Section 5, which is messy from every point ofview, this is one for which the asymptotics ought to be reasonably well behaved, so it isworth exploring the reasons for the discrepancy.Some investigation has been made into the source of the approximation error, fromwhich it is clear that no single part of the calculation is primarily responsible for theerror. It is possible that the calculation could be improved by formal calculation of thenext term in the asymptotic expansion, but this would involve considerable additionalanalytical work and has not been attempted. An intermediate step has been attempted inwhich the sequence of approximations given in the Appendices by equations (B.3), (C.4)and (C.5) are taken as the starting point, and (C.6) evaluated exactly from that point on.The modi�cation from A to AL again uses (3.9), without any additional correction terms.This produces the dashed curves in Fig. 7.2(c{j). The modi�cation substantially improvesthe agreement between the theoretical and simulated results. The moral of this story maybe that for speci�c models of interest, it is possible to improve the approximations bydetailed consideration of individual error terms, but it looks to be a formidable task toderive general-purpose formulae which are better than the ones given in this paper.As far as the optimal choices of � and 
 are concerned, the simulation results suggestvalues of � and 
 that are somewhat smaller than those suggested by the asymptotic theory,but they con�rm the general convex shape of the plots and in particular the message thatmiddle-range values of � and 
, in the range 3{5 say, are superior from those at eitherextreme.Of course, this whole comparison is arti�cial in the sense that the values of �j areknown, whereas in a real data problem the speci�cation of hyperparameters would have tobe dealt with simultaneously as the estimation of the �j 's. Nevertheless our results suggestthat some strategy based on intelligent selection of the hyperparameters may be superiorto the vague prior approach. This recommendation appears to be at variance with whatis currently preferred in the literature on hierarchical models, see e.g. Christiansen andMorris (1997). 8 CONCLUSIONSThe main purpose of this paper has been to argue that theoretical comparisons ofBayesian predictive procedures are both possible and worthwhile. Comparisons may bedecision-theoretic using one of a variety of loss functions, or based on the coverage proba-bility bias of prediction intervals. The asymptotic calculations do not always yield accuratenumerical results, but nevertheless provide practical guidance in the choice of statistical23



procedures. Whenever possible, the results of such an analysis should be supplementedby simulations, but in complicated problems requiring extensive Monte Carlo samplingto compute the Bayes estimates, an accurate simulation study is in itself very di�cult toconduct.For the estimation of tail probabilities, the results suggest that substantial gains maybe made by introducing a tail weighting function in the calculation of the Bayesian pre-dictive distribution. However the tail weight itself depends on the criterion used to assessthe estimator, so practical implementation of these ideas would require more attention tothe loss function than is currently fashionable in either the frequentist or Bayesian liter-atures. The superiority of the plug-in approach under some circumstances is not seen asan argument in favour of that approach, but rather as a warning against the automaticassumption that Bayes estimates must be superior.For hierarchicalmodels, the results provide a tool for comparing di�erent speci�cationsof the hyperprior. In the normal means problem these may be considered an asymptoticversion of well-known formulae dating back to James and Stein, but the present approachallows corresponding formulae to be developed in the context of predictive inference andfor more complicated models such as the Poisson-Gamma model discussed in Section 7.The limited examples that have been discussed suggest that intelligent speci�cations ofhyperprior parameters may be superior to the vague prior approach. One possible directionfor future work is to consider more formally the consequences of data-based priors.The main drawback of the methodology is the reliance on asymptotic approximations.In certain cases it may be possible to improve on these by ad hoc arguments, but as far asgeneral results are concerned, the theory needs to be viewed with the same quali�cationsas are present with any asymptotic theory.REFERENCESAitchison, J. (1975), Goodness of prediction �t. Biometrika 62, 547{554.Aitchison, J. and Dunsmore, I.R. (1975), Statistical Prediction Analysis. CambridgeUniversity Press.Barndor�-Nielsen, O.E. and Cox, D.R. (1994), Inference and Asymptotics. Chapmanand Hall, London.Berger, J.O. (1985), Statistical Decision Theory and Bayesian Analysis (second edi-tion). Springer, New York.Berger, J.O. and Bernardo, J.M. (1992), On the development of reference priors (withdiscussion). In Bayesian Statistics 4, edited by J.M. Bernardo, J.O. Berger, A.P. Dawidand A.F.M. Smith. Oxford University Press, pp. 35{60.Berger, J.O. and Strawderman, W.E. (1996), Choice of hierarchical priors: admissi-bility in estimation of normal means. Ann. Statist. 24, 931{951.24
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and Ef(�̂i � �i)(�̂j � �j)g = n�1�i;j +O(n�3=2): (B:2)We also have�̂� � = �i(�̂i � �i) + 12�ij(�̂i � �i)(�̂j � �j ) +Op(n�3=2)= n�1=2�i;jZj�i + n�1(�i;j�k;`ZjkZ` + 12�i;s�j;t�k;u�stuZjZk)�i+ 12n�1�i;k�j;`ZkZ`�ij +Op(n�3=2): (B:3)Combining (B.1), (B.2) and the �rst equality in (B.3), we deduce (3.2).Appendix C: Derivation of (3.3){(3.5)We need some additional notation. As in McCullagh (1987), let Ui = @`n(�)=@�i,Uij = @`n(�)=@�i@�j , etc. Also Ui = n1=2Zi, Uij = n�ij + n1=2Zij , and so on, whereZi; Zij ; ::: are Op(1) random variables with mean 0. We write fU ijg for the matrix inverseof fUijg. Any expression with a hat on it, such as Ûijk, means that it is to be evaluatedat the MLE �̂ rather than the true value �. De�neD = 12UijkU ikU j`�` � 12(�ij + 2�iQj)U ij (C:1)and let D̂ denote the same expression where all terms have hats. With these conventions,two applications of Laplace's integral expansion yield the formula�̂BAY = �̂+ D̂: (C:2)To derive (C.2), consider an integral of the formIn(g;  ) = ZD g(�)en (�)d�;where D � Rp is a bounded simply-connected domain, the function  has a unique maxi-mum attained at an interior point �0 of D, and both  and g are su�ciently di�erentiablein a neighborhood of �0. Then by equations (8.3.50{8.3.55) of Bleistein and Handelsman(1986),In(g;  ) = �2�n �p=2 en (�0)jdet Bj1=2�g � 12n��gi jk`bijbk` + gijbij+ g ijk stu�14bisbjkbtu + 16bisbjtbku�� 14g ijk`bijbk`�+O� 1n2��:(C:3)28



Here su�xes denote di�erentiation with respect to the components of �, all functionsare evaluated at �0, and the matrix B with entries fbijg is the inverse of the matrix whoseentries are f ijg.Let  (�) = 1n`n(�), which by assumption is of Op(1). The formula (C.2) follows byapplying (C.3) twice, once with g(�) = �(�)eQ(�) and a second time with g(�) = eQ(�), andrearranging terms.The next step of the argument takes (C.2) as its starting point. If matrices A;B andC, with entries faijg, fbijg, fcijg, are related byaij = bij + �cij +O(�2)then the inverses of A and B, with entries faijg, fbijg, are related byaij = bij � �bikbj`ck` +O(�2):Applying this to Uij = �n�i;j + n1=2Zij ;we deduce U ij = �n�1�i;j � n�3=2�i;s�j;tZst +Op(n�2):HenceD = 12(n�ijk + n1=2Zijk)(n�1�i;k + n�3=2�i;s�k;tZst)(n�1�j;` + n�3=2�j;u�`;vZuv)�`+ 12(�ij + 2�iQj )(n�1�i;j + n�3=2�i;s�j;tZst)= 12n ��ijk�i;k�j;`�` + �i;j(�ij + 2�iQj )	+ 12n3=2��i;k�j;`Zijk�` + �ijk�i;s�k;t�j;`Zst�` + �ijk�i;k�j;s�`;tZst�`+ �i;s�j;tZst(�ij + 2�iQj )�+Op� 1n2� : (C:4)The next step is to pass from D to D̂. If we write D = 12Cn�1 + 12En�3=2 +Op(n�2),where C is the same as in (3.4), it follows thatD̂ � D = (12Csn�1 + 12Esn�3=2)(�̂s � �s) +Op(n�2):But �̂s � �s = n�1=2�s;tZt +Op(n�1) as in Appendix B, soD̂ = D + 12n�3=2Cs�s;tZt +Op(n�2): (C:5)29



The second equality in (B.3) gives an expansion for �̂��. The quantity we are tryingto calculate is Ef(�̂BAY � �)2g �Ef(�̂� �)2g = 2Ef(�̂� �)D̂g+ EfD̂2g: (C:6)The rest of the argument is just algebraic manipulation: by combining (C.4), (C.5)and (B.3), rearranging terms and taking expectations, we deduce that (C.6) is indeed ofthe form (3.3), with A given by (3.5).Appendix D: Derivation of (3.7){(3.8)Suppose �̂ = � + Rn�1=2 + Sn�1 + Tn�3=2 + Un�2 + op(n�2) with R; S; T and Uall random quantities of Op(1). Thus R = �i�i;jZj , etc. After taking a Taylor expansionwith respect to �̂ in L(�; �̂), we �nd thatL(�; �̂) = 12L2R2n�1 + (L2RS + 16L3R3)n�3=2+ (L2RT + 12L2S2 + 12L3R2S + 124L4R4)n�2 + op(n�2):Now let us compare two estimators �̂0 and �̂1 with corresponding R0; :::; U0; R1; :::; U1;however, we assume R0 = R1 since Bayes estimators and MLE are equivalent to �rstorder. ThenL(�; �̂1)� L(�; �̂0) = fL2R0(S1 � S0)gn�3=2+ fL2R0(T1 � T0) + 12L2(S21 � S20) + 12L3R20(S1 � S0)gn�2 + op(n�2): (D:1)But if �̂1 is the Bayes estimator and �̂0 the MLE, then S1 � S0 is the constant C2 by(C.2){(C.5), and since EfR0g = 0, the lead term in (D.1) has expectation 0. ConsequentlyAL = L2Ef12(S21 � S20) +R0(T1 � T0)g+ 12L3EfR20(S1 � S0)g: (D:2)However if we evaluate this expression for L(�; �̂) = (�̂ � �)2, for which L2 = 2; L3 = 0,we deduce that A = EfS21 � S20 + 2R0(T1 � T0)g: (D:3)We also have that S1 � S0 = 12C and ER20 = �i�j�i;j. Combining these expressions with(D.2) and (D.3), we deduce the result. 30



Appendix E: Derivation of (3.13)Write ~�(z) = �(z; �) + n�1=2R(z) + n�1S(z) + op(n�1) where R(z) = �i(z; �)�i;jZjhas mean 0 and EfS(z)g = b(z; �). Then0 = ~�(~z) � �(z; �)= ~�(~z) � ~�(z) + ~�(z) � �(z; �)= (~z � z) ~�0(z) + 12(~z � z)2 ~�00(z) + n�1=2R(z) + n�1S(z) + :::= (~z � z)�0(z; �) + n�1=2(~z � z)R0(z) + 12(~z � z)2�00(z; �) + n�1=2R(z) + n�1S(z) + :::Solving for ~z, we �nd~z � z = �n�1=2 R(z)�0(z; �) + n�1 R(z)R0(z)f�0(z; �)g2 � n�1R2(z)�00(z; �)2f�0(z; �)g3 � n�1S(z) + :::and hence �(~z; �) � �(z; �) = (~z � z)�0(z; �) + 12(~z � z)2�00(z; �) + :::= �n�1=2R(z) + n�1R(z)R0(z)�0(z; �) � n�1S(z) + :::Taking expectations, noting that EfR(z)g = 0 and EfR(z)R0(z)g =Ef�i(z; �)�i;kZk���0j(z; �)�j;`Z`g = �i(z; �)�0j (z; �)�i;j , we deduce (3.13).Appendix F: Detailed calculations for Section 4First we consider a number of examples of (4.1), and one counterexample.Example 1. If �(z; �) � e� (�)z, then set f(z; �) = �z; G = G1 = 1.Example 2. Let H (here and subsequently) denote the distribution function of astandard normal random variable and suppose �(z; �) = 1�H(z��) where � = �(�) is anunknown location parameter. Also let h = H 0 and note the relations 1�H(x) � h(x)=x asx!1 (see, e.g. Feller 1968, p. 193), h0(x) = �xh(x). So �i(z; �) = �ih(z��) � �i � (z��)��(z; �), �ij(z; �) = �ijh(z��)��i�jh0(z��) = f�ij+�i�j �(z��)gh(z��) � �i�j �(z��)2 ��(z; �), and by extension of the same argument �ijk(z; �) � �i�j�k � (z��)3 ��(z; �).So in this case, f(z; �) = z � �; G = G1 = 1.Example 3. Now suppose �(z; �) = 1�H((z � �)=�) with both � and � functions ofunknown �. In this case it is readily veri�ed that �i � f�i=�g �f(z��)=�g2 ��(z; �), �ij �31



f�i=�g�f�j=�g�f(z��)=�g4 ��(z; �), �ijk � f�i=�g�f�j=�g�f�k=�g�f(z��)=�g6 ��(z; �),which is again of form (4.1) with G = G1 = 1, but a di�erent f(z; �) compared withExample 2.Example 4. Suppose �(z; �) � f(z��)=�g�� with � > 0 unknown (as well as, possibly,� and �). Then �i(z; �) � ��if(z � �)=�g�� logf(z � �)=�g, �ij(z; �) � �i�jf(z ��)=�g�� log2f(z��)=�g, �ijk(z; �) � ��i�j�kf(z ��)=�g�� log3f(z��)=�g. So in thiscase f(z; �) = � logf(z � �)=�g and G = G1 = 1.Example 5. Here is an example for which G 6= 1 6= G1. Suppose z! = � and �(z; �) �f(��z)=�g� as z " �; � > 0, with � a function of unknown �. Then �i(z; �)=�(z; �) � �(��z)�1�i, �ij(z; �)=�(z; �) � �(�� 1)(�� z)�2�i�j , �ijk(z; �)=�(z; �) � �(�� 1)(�� 2)(��z)�3�i�j�k. This satis�es (4.1) f(z) = �(��z)�1; G = 1�1=�; G1 = (1�1=�)(1�2=�).Example 6. Finally, an example wich does not �t (4.1). Consider Example 5 butwith � and � known and the only unknown parameter � = �1. Then �1=� = ����1,�11=� = �(� + 1)��2, �111=� = ��(� + 1)(� + 2)��3, which do not depend on z at all;in other words, there is no f(z; �) tending to �1 for which (4.1) holds. In cases such asthis, the risk function does not take any special asymptotic form as z " z! and asymptoticrelationships such as (F.1) below do not hold.Having speci�ed �, we must next specify Q. We have Q(�) = log �(�)�logw(�) where� is the prior density and w the tail weight, but as may easily be veri�ed, � does not haveany in
uence on the z ! z! asymptotic results, so we ignore it. Changing notation,assume Q = Q(z; �) � �(� log�(z; �)) where � is, in principle, an arbitrary function. ThenQj � ��0f j , Qjk � (�00 � �0G + �0)f2 j k, where the derivatives �0 and �00 are eachevaluated at � log�(z; �). In the special case �(x) = rx we have �0 = r, �00 = 0 and if inaddition G = 1, then Qjk may be ignored in the asymptotics to follow.(a) Squared error loss function. In the notation of (3.3){(3.5), we �nd thatC � (G � 2�0)f2(z; �) j k�j;k�(z; �);Cs � (G1 � 4G�0 + 2�00 + 2�0)f3(z; �) j k s�j;k�(z; �);A � �2�00 + �02 + (2� 6G)�0 + 3G24 +G1� f4(z; �) � j k�j;k�2 �2(z; �): (F:1)The function � is arbitrary, but to keep the expression in square brackets bounded,it is desirable that both �0(x) and �00(x) remain bounded as x !1. Suppose we assume�0(x) ! r, with r �nite. If we assume �000 to be bounded, which is a kind of smoothnesscondition, then it follows from a result given by Littlewood (Bollob�as 1986, page 54) that�00(x) ! 0. The expression in square brackets then reduces to r2 + (2� 6G)r+ 34G2 +G1,which is minimised when r = 3G� 1. In the most common case when G = 1, this leads tor = 2, thus generalising the result of Section 2 to a wide class of distributions.32



(b) Logarithmic loss function. Our starting point is (3.9), where since �! 0 wemay replace 1� � and 1� 2� by 1. ThusAL � 12� �A� C � �i�j�i;j� �� 12 �2�00 + �02 + (4� 6G)�0 + 3G24 +G1 �G� :f4 � j k�j;k�2 �Again we write r for the limit of �0(x) as x!1; then we must minimise r2 + (4� 6G)rwhich leads to r = 3G � 2.(c) Squared logarithmic loss function. This is very similar, starting from (3.11).In this caseAL � 1�2 �A� 32C � �i�j�i;j� �� �2�00 + �02 + (5� 6G)�0 + 3G24 +G1 � 3G2 � :f4 � j k�j;k�2Again let �0 ! r; �00 ! 0. The minimum of r2 + (5 � 6G)r is attained when r = 3G� 52 .In the case G = G1 = 1, the expression in square brackets reduces to r2 � r + 14 , whichis minimised when r = 12 , but which only then takes the value 0. In other words, for thisloss function, even with our \best" Bayes estimator, we have still not demonstrated a clearsuperiority over the plug-in approach, in contrast with the situation in cases (a) and (b)just considered.(d) Bias in �̂BAY . According to (3.6), the leading term in the bias is asymptotic to(G� r)f2(z; �) i j�i;j�(z; �):Thus if our objective is to minimise the bias of the Bayes estimator of �, we should taker = G.(e) Bias in coverage probability. This is a little more complicated because weneed assumptions on �0(z) and its �-derivatives, as well as �(z) itself. However, for eachof our examples 1{5 we �nd that�0i(z; �)�0(z; �) � G if(z; �) as z " z! (F:2)so we adopt (F.2) as a general assumption. In that case, we �nd from (3.13) and (3.6) thatthe bias in coverage probability based on the Bayes estimator is asymptotic torf2(z; �) i j�i;j�(z; �) (F:3)33



and this is minimised by taking r = 0. On the other hand, for the MLE, using (3.13)together with (3.2), the asymptotic form of the bias in coverage probability is of the sameform as (F.3) but with r replaced by G=2, which is not at our liberty to set equal to 0.Thus at least in this asymptotic sense, we are able to make precise the notion that theusual Bayes estimator has smaller coverage probability bias than the MLE.Appendix G: Derivations for Poisson-Gamma modelIn this Appendix we do not use the summation convention, components of the vector� are denoted by subscripts rather than superscripts, while superscripts denote powers asin the usual algebraic notation.Since Xi has a Poisson distribution with mean nti�i, we have, modulo constants,`n(�) =P(Xi log �i � nti�i). Di�erentiating and taking expectations, �ii = �ti=�i, �iii =2ti=�2i , �i;ii = �ti=�2i , �i;iii = 2ti=�3i . Also �i;i = ti=�i, �i;i = �i=ti, while all termsinvolving combinations of di�erent coe�cients (e.g. �i;j with i 6= j) are 0. By (3.4),C = PBi=ti, where Bi = 2�i + �i�ii + 2�i�iQi. Also Cs = PiBis=ti where Bis =@Bi=@�s = 2�is+�is�ii+�i�iis+2�is�iQi+2�i�isQi+2�i�iQis (here �is is the Kroneckerdelta). To evaluate the second row of (3.5), �rst note that �i;ii + 12�iii = 0, so the termmultiplying C is 12P�i;i�ii = 12P �i�ii=ti. For the last two rows in (3.5), �rst note thatthe only non-zero terms are those for which all indices are the same, and they then reduceto Xi �3it3i �i�� ti�2i (�ii + 2�iQi) +�2ti�3i � 4�iti ti�2i ti�2i ��i�=Xi �it2i (��i�ii � 2�i�iQi � 2�i)= �Xi �iBit2i :Hence with C, Cs and Bi already de�ned, we haveA = C24 +Xs Cs�s�sts + C2Xi �i�iiti �Xi �iBit2i :The corresponding formula for logarithmic loss, based on (3.9), isAL = A2�(1� �) � (1� 2�)C2�2(1� �)2 Xi �i�2iti :To extend the computation to coverage probability bias, we note from (3.2) that forthe MLE, b(z; �) = 12Xi �i�iiti34



while for the Bayes estimator, from (3.6),b(z; �) =Xi 1ti (�i + �i�ii + �i�iQi):The asymptotic expression for the CPB then follows from (3.13).To complete the calculations, we need expressions for the derivatives of � and Q. With� = 1� exp(�zP �j), it follows at once that�i = ze�zP �j ; �is = �z2e�zP �j ; �ist = z3e�zP �j :For Q, from (7.3) we deduce Qi = �� 1�i � p�+ 
P �j + � ;Qis = ��� 1�2i �is + p�+ 
(P �j + �)2 ;For (3.13), we also need to calculate�0 = (X �j)e�zP �j ;�0i = (1 � zX �j)e�zP �j ;and hence �0i�0 = 1P �j � z:
35
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 (a) MSE for insurance simulation

1/phi

 

5 10 50 100 500 1000

-0.5

0.0

0.5

1.0

1.5

2.0

+
+

+

+

+

+

+

+

+

o
o o o

o
o

o
o

o

x
x x

x

x

x
x

x
x

r=0

r=1

r=2

 (b) Log for insurance simulation
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 (c) MSE for records simulation
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(a) Insurance Simulation

r

C
ov

er
ag

e 
pr

ob
ab

ili
ty

MLE -1.0 -0.5 0.0 0.5 1.0

.0001

.0005

.001

.005

.01

.05

.1

+

+
+

+
+

+

o

o

o

o

o

o

•

•
•

• • •

(b) Records Simulation

r

C
ov

er
ag

e 
pr

ob
ab

ili
ty

MLE -1.0 -0.5 0.0 0.5 1.0

.0001

.001

.01

.1

+

+ +

+

+ +

o

o o
o

o o

Fig. 5.3. Simulated values of CPB for three values of � and six estimators. In eachcase the plotted value is Ef�(~z; �)g and this is compared with the nominal value of �,respectively .1 (top plot), .01 (middle), .001 (bottom).42



(a) Squared error loss
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(a) CPB for phi=0.1
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(b) CPB for phi=0.001
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(c) MSE for phi=0.1, fixed gamma
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(g) Log for phi=0.1, fixed gamma
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